Dr Oliver Mathematics
Advance Level Further Mathematics
Further Mathematics 2: Calculator

1 hour 30 minutes

The total number of marks available is 75.
You must write down all the stages in your working.

1. (a) Express
1
(r+3)(r+4)
in partial fractions.

Solution
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(b) Hence, using the method of differences, show that
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where a is a constant to be found.
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hence, a = 4.




(c¢) Find the exact value of
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2. A transformation from the z-plane to the w-plane is given by

3.

The transformation maps points on the real axis in the z-plane onto the line [ in the

w-plane.
Find an equation of the line .

_1—iz

w = , 2 # 0.

z

Solution

z=x+ 01 and w = u + 1v:

) 1—ix 1
u+1 = =——1
x x
hence, u # 0,v = —1.
(a) By writing
T_T_T
12 3 4
show that
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(b) Hence find the exact values of z for which

4 T .. T
:4( T, —).
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Give your answers in the form z = a + ib where a,b € Z.

Solution
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= 2*=4 [COS (g + 2n7r> + isin (% + 2n7r)] (for some n)

6 1 6 1
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z=\/§<coslg—7r+isin19—7r) or (ﬂ) +i<ﬂ).

4. Use algebra to find the set of values of x for which

2% — 2| > 4.

Solution

Let’s draw a sketch, shall we?




—V2<r<V2
- 2>4r =2 —4r—2>0
=22 4dr+4>6
:>(:(;—2)2>6
= — 6<x—20rx—2>\f6
:>2—\/6<xorx>2+\/6.
lz| > V/2:
—(2* —2) > 4dr = —2* +2 > 4a
= 2>+ 4z
=6>a’+4rx+4
= 6> (z +2)
= V6<z+2<6
= 2 - V6<x<-2+6
Hence,

x<—2+\/60rx>2+\/6.




d2fU dy 2
y@—i—?ﬂ:a—?)y = 0.
: dy
Given that at x =0, y = 2, and — =1,
dx
d3
(a) show that, at = = 0, d—;é =3
Solution
Insert all of the initial conditions:
d?y d*y
2—+0—-12=0= — = 6.
da? * = dz?
Differentiate with respect to x:
dy d?%y d’y dy d*y dy
—— — +3—=+3rx— —6y— =0
drd2 " Yaer T T Va2 Ve
d3
= (1><6)+2d—‘z+(3><1)+0—(6><2><1)=0
i
d3y
— =3
R
d3y 3
i riak,

as required.

(b) Find a series solution for y up to and including the term in x

3

Solution

y=2+ L)z + 3(6)2” + +(3)2° + ...
=2+x+3x2+ix3+....

6. (a) Find the general solution of the differential equation

d2y

dy

6— +5-= — 6y = x — 62°.

dz?

dx



Solution
Complementary function:

add to: +5 _ 4 49
multiply to: (46) x (—6) = —36 ’

6m2+5m—6=0=6m>+9m —4m —6=0

= (Bm—-2)2m+3)=0

Substitute into the differential equation:

—6C=-6=C=1
5(2C) —6D =1=D =2
6(2C) + 5D —6E =0 = E — 1,

Hence the particular integral is
y=2a"+3z+ 1

General solution: hence the general solution is

3 2
_ —5T 3T 2 3 13
y=Ae 2" + Be3” +2° + 2 + 7.

=3m(2m+3)—22m+3) =0

=m=—32orm=3
and hence the complementary function is
3 2
y = Ae 2% + Be3”.

Particular integral: try

d d?

y=C$2+D:U+E:—y=20x+Dj—y:2C,
dx dx?

d
(b) Find the particular solution for which y = 0 and d—y = 3 when z = 0.
x

Solution
r1=y=0:0=A4+B+0+0+2=>A+B=-1

(1).




Differentiate with respect to x:

dy

3 2
3 An—57 4 2 PRn3® 3
T —5Ae 2" + $Be3” + 2z + 3

and
3= -3A4+2B+0+3=-94A4+4B=0 (2).
Now, 4 x (1) — (2):

134=-13=A=-1
= B=-2

W~

Hence, the particular solution is

3 2
— _e 2% _ 9437 243 13
Yy=—e 2 463 T+ 5+ .

7. The curve C' shown in Figure 1 has polar equation

r=2++/3cosl,0<0 < 2m.

¥ Initial line

Figure 1: r =2+ V3 cos

The tangent to C' at the point P is parallel to the initial line.

(a) Show that
OP =13+ V7).



Solution

y = rsinf = y = sin (2 + /3 cos #)
— y = 2sinf + v/3sinf cos b
— y = 2sinf + v/3sin 26

= % = 2cos 0 + /3 cos 26.

Now,

% =0=2cosf 4+ V3cos20 =0

— 2c0s6 4+ V3(2cos?0 —1) = 0
= 2v/3cos?0 + 2cosh — /3 =0

—2+4/28
= cosl) = ————
44/3
V21 — /3 V21 +4/3
= cosf = S e or cosf = —— %

We'll take the first one (why?):

OP_2+\/§(@)

2o (5)
= 33+ V7),

as required.

(b) Find the exact area enclosed by the curve C.

Solution
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(a) Using the substitution ¢ = z2, or otherwise, find

J2x5e_x2 dzx.

Solution

d
t:;c2:>1=2xd—j=>dt=2xd:c

and

du
u=1t>=— =2u

] dt
d—z:etév:—et
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— =€  =Uv=-—¢

dt

- <—2tet + JZet dt)

= et —2te™t + JQe_t dt

= Pt —2tet — 2t 4 ¢

_ 2 2
= g™ — 2% — 27" + ¢

=2U=>—=2
“ dt

4 —z?

(b) Hence find the general solution of the differential equation

dy

T—+4y = 21:26_352,

dx

giving your answer in the form y = f(x).

Solution

d
= x4—y + 423y = 225%™
dx
d 4 5 2
= —(yx*) = 2x°e™ "
4 ve)
= yzt = —gle™™ — 2% 267" + ¢
2 27" 2077 c
YT T x* 2t

Given that y = 0 when x = 1,
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(c) find the particular solution of this differential equation, giving your solution in the
form y = f(x).

Solution
0=—-et—21—2 '4+c=c=5e"!
and so , )
2 2e7T 27" N Se~t
= —e =5 3
y z2 x4 x4

12



