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The t-Substitutions

The t-substitutions are often referred to as “the world’s sneakiest substitutions” and you
need to recognise when they are needed.

1 t “ tanx

We start off with a right-angled triangle, with opposite side t, adjacent side 1, with the angle
x:

1

t

x

We mark in the hypotenuse:

1

t

x

?
1` t2

Now,

sinx “
t

?
1` t2

cosx “
1

?
1` t2

tanx “ t;

the expressions for cosecx, sec x, and cotx follow.

Finally, what about dx? Now,

t “ tanxñ
dt

dx
“ sec2 x

ñ
dt

dx
“ 1` tan2 x

ñ dx “
1

1` t2
dt.



Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 
 

Dr Oliver 
Mathematics 

 
Dr Oliver 

Mathematics 

We can summarise the formulas:

Expression Replacement

sinx
t

?
1` t2

cosx
1

?
1` t2

tanx t

cosecx

?
1` t2

t

secx
?

1` t2

cotx
1

t

dx
1

1` t2
dt

Example 1
Find

ż

π
4

0

1

3 cos2 x` sin2 x
dx.

2 t “ tan
´x

2

¯

This is also known as the Weierstrass substitution. We start off with a right-angled triangle,

with opposite side t, adjacent side 1, with the angle
x

2
:

1

tx

2

We mark in the hypotenuse:

2
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1

tx

2

?
1` t2

Now,

sin
x

2
“

t
?

1` t2

cos
x

2
“

1
?

1` t2

tan
x

2
“ t.

Next, we use the double-angle formulas:

sinx ” sin 2
´x

2

¯

” 2 sin
´x

2

¯

cos
´x

2

¯

” 2ˆ
t

?
1` t2

ˆ
1

?
1` t2

”
2t

1` t2
,

cosx ” cos 2
´x

2

¯

” cos2
´x

2

¯

´ sin2
´x

2

¯

”
1

1` t2
´

t2

1` t2

”
1´ t2

1` t2

and

tanx ”
sinx

cosx

”
2t

1` t2
ˆ

1` t2

1´ t2

”
2t

1´ t2
;

3
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the expressions for cosecx, sec x, and cotx follow.

Finally, what about dx? Now,

t “ tan
´x

2

¯

ñ
dt

dx
“ 1

2
sec2

´x

2

¯

ñ
dt

dx
“

1` tan2
`

x
2

˘

2

ñ
dt

dx
“

1` t2

2

ñ dx “
2

1` t2
dt.

We can summarise the formulas:

Expression Replacement

sinx
2t

1` t2

cosx
1´ t2

1` t2

tanx
2t

1´ t2

cosecx
1` t2

2t

secx
1` t2

1´ t2

cotx
1´ t2

2t

dx
2

1` t2
dt

Example 2
Find

ż

1

2 sinx´ cosx` 3
dx.

4
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3 Examples

Here are some examples for you to try.

1. (a) Using t “ tan
´x

2

¯

, find
ż

cosecx dx.

(b) Using t “ tanx, find
ż π

3

π
4

cosec 2x dx.

2. Using t “ tan
´x

2

¯

, find
ż

1

1` sinx
dx.

3. Using t “ tan
´x

2

¯

, find
ż

1

1` sinx` cosx
dx.

4. Using t “ tan
´x

2

¯

, find
ż

1

sinx` tanx
dx.

5. Using t “ tan
´x

2

¯

, find
ż

secx dx.

6. Using t “ tan
´x

2

¯

, find
ż

1

1` secx
dx.

7. (a) Given that
1

p1` tqp1` t2q
”

A

1` t
`

Bt` C

1` t2
,

find the values of the constants A, B, and C.

(b) Hence, using t “ tanx, find
ż

1

1` tanx
dx.

5
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8. (a) Given that
2

3t2 ´ 10t` 3
”

A

3t´ 1
`

B

t´ 3
,

find the values of the constants A and B.

(b) Hence, using t “ tan
´x

2

¯

, find

ż

1

3´ 5 sinx
dx.

9. Find
ż

1

4` 12 cos2 x
dx.

10. Find
ż

1

5` 3 cosx
dx.

11. Find
ż

1

5´ 3 cosx
dx.

12. Find
ż

1

2` cosx
dx.

13. Find, to 3 decimal places,
ż

π
4

0

1

5 cos2 x` 3 cos2 x
dx.

14. (a) Given that
2

p5´ tqp1` 5tq
”

A

5´ t
`

B

1` 5t
,

find the values of the constants A and B.

(b) Find
ż

1

12 sinx` 5 cosx
dx.

(c) Find, to 3 decimal places,

ż 3.1

3

1

12 sinx` 5 cosx
dx.
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