Dr Oliver Mathematics
Mathematics
Differentiation Part 3
Past Examination Questions

This booklet consists of 53 questions across a variety of examination topics.
The total number of marks available is 439.

1. (a) Differentiate with respect to x:
(i) 3sin®z + sec 2w,

Solution
d—(3 sin? x + sec 2z) = 6sinz cos x + 2sec 2z tan 2.
x
(i) [z + In(22)]".
Solution
a4 ([z + 1n(2:1:)]3) =3[z +In(22)] ( 1+ E
da x)
. 522 — 10z + 9
Given that y = %, LA,
dy 8
b) show that — = — .
(b) show at = e

Solution




dy  (z—1)%x (10z —10) — (52® — 10z 4+ 9) x 2(x — 1)
de (x —1)*
~10(z — 1)° = 2(x — 1)(52® — 10z + 9)
- (z —1)*
_10(z —1)? — 2(52% — 10z + 9)
- o1
~10(2? — 2z + 1) — (102” — 20z + 18)
- (z —1)°
(1022 — 20z + 10) — (1022 — 20z + 18)
1P
B 8
RS

f(z) =3¢"—tlnz -2,z > 0.

Differentiate to find f'(x).

Solution

1
f'(z) = 3¢" — —.

3. (a) Differentiate with respect to z:

(1) x2e32+2’

Solution N
a(x2€3:13+2) 4 2xe3x+2 + 3.’1}263x+2.
(i) cos(2z3)
3z
Solution
d [cos(22®)]  —182%sin(22%) — 3 cos(22?)
dx 3z P 922 '




d
(b) Given that x = 4sin(2y + 6), find d_y in terms of .
T

Solution

d
x =4sin(2y + 6) = 1 = 8cos(2y + 6) d_y
x
dy 1
= < = - @@
dx  8cos(2y + 6)
1
 84/cos?(2y + 6)
1

I
-+

84/1 — sin?(2y + 6)
1

8y/1-T5
1
84/ (16 — 22)
tall
T 24/16 — 22

Il
-+

4. Differentiate with respect to x:

(a) €3 + In 2z,

Solution
d 4
— (&3 + In2x) = 33 + —
dz(e +1n2z) = 3e™ + .
3
(b) (5+:c2)§.
Solution

i Rk R R

5. The curve
y=(2z—-1)tan2z, 0 <z < J,

has a minimum at the point P. The z-coordinate of P is k.



Show that k satisfies the equation

4k + sin4k — 2 = 0.

Solution

d
d—y = 0= 2(2z — 1)sec’ 2z + 2tan 2z = 0
x

22e —1) 2sin2zx
=

cos? 2z cos2r
2(22 — 1) + 2sin 2z cos 2x
= =
cos? 2x

= 2(22 — 1) + 2sin2zcos2z = 0
= 4k +sin4dk —2 = 0.

6. The curve C has equation = = 2siny.

1
V2

(a) Show that % = at P <\@, z)

4

Solution

d
r=2siny =1 :2cosy—y

dy 1
= — = .
dx  2cosy

Now, at P (\/5, %),

I&1-

(b) Find an equation of the normal to C' at P. Give your answer in the form y = mx+-c,
where m and c are exact constants.

Solution




7.

m’ = —+/2 and we have

y—%=—\f2(x—\/§):y—%=—\/§x+2

:>y=—\f2x+2+%.

(a) The curve C has equation
T

:9—|—x2'

Use calculus to find the coordinates of the turning points of C'.

Y

Solution
T dy (9 +2?) —22?
Y=o 5= o =
9422 do (9 + 22)?
dy = 9—a?
dr (9 + 22)2
dy 2
—J_9g_
dx
Now,
d
% —0=9—22=0
=72=9
= = +£3.
So, the turning points of C' are (3, %) and (=3, —¢).

(b) Given that

3
y = (1+e*)2,
dy 1
find the value of == at x = 3 In 3.
dx
Solution
3 d 1
y=(1+ e2"”)2 = d_y = 3623”(1 + e2x)2
T




and
dy — 322131 +62(21n3))%
dl’ m—lln3
1
_ 361n3(1 + eln3)§
1
=3(3)(1+ 3)2
:ﬁ'
2 3 9+2
f(z) = rre Rl x> 2
r+2 2224+ 3x -2 2
4dr — 6
Show that f
(a) Show that f(z) = 5.
Solution
2z + 3 9+ 2x
f(z) = -
T+ 2 222 + 3x — 2
20+ 3 9+ 22

42 (20— 1D(z+2)
(2z +3)(2x — 1) — (9 + 22)
(22 — 1)(z + 2)
(4% + 42 — 3) — (9 + 2x)
2z —1)(z +2)

4a? + 2z — 12
(22 — 1)(z + 2)
(4z — 6)(z + 2)
(22 —1)(z + 2)
dr — 6
2r —1°

(b) Hence, or otherwise, find f'(x) in its simplest form.

Solution




20 + 3 9+ 2z dr — 6
(z) = 7 = f(z) =
r+2 222+ 3r—2 2z — 1
42x — 1) — 2(4x —
oy _ Az =1) =242 —6)
(2x —1)2

8

f'(z) = —-.

= fa) (2x —1)2

9. A curve C has equation
y = z%e”.

d
(a) Find d—y, using the product rule for differenitation.
T

Solution
2. x dy 2. x T T
y=a7e" = - =a’e + 22" = z(x + 2)e”.

(b) Hence find the coordinates of the turning points of C'.

Solution

dy

d$=0:>x(x+2)ex=0

=x=-2o0rx=0,

and we have (—2,4e™?) and (0,0) as the turning points.

2

d%y
Find —=.
(¢) Fin 2
Solution
d 2
d—y = %% + 2re” = d_z = 226" + 226" + 226e” + 26°
T T
d2
= d_xgé = (2% + 42 + 2)e”.

(d) Determine the nature of each turning point of the curve C.



10. (a)

Solution

d2
If x = —2, then Frci —2e72? < 0 and we have a maximum.
x =
d?y ..
If x = 0, then Tz = 2 > 0 and we have a minimum.
x =

A curve C' has equation
2x n
y=e"tanz, x # (2n+1)§.

Show that the turning points on C' where tanz = —1.

Solution

dy

=0=2*tanx + e**sec’x =0
dx

= 2tanx + sec’z = 0

= 2tanx + (tan’z + 1) =0
= (tanz +1)* =0
=tanzx +1=0

= tanz = —1.

Find an equation of the tangent to C at the point where z = 0.

Solution

and so we have

The y-coordinate of P is 8.

(a)

Find, in terms of In 2, the z-coordinate of P.



Solution

462x+1 _ 8:>621‘+1 _ 2
=2r+1=1n2
=2xr=In2-1

=z =1(In2-1).

(b) Find an equation of the tangent to the curve at the point P in the form y = ax + b,

where a and b are exact constants to be found.

Solution
y = 462554-1 - % _ 862.73+1’
dzx
and, z = £(In2 — 1),
dy _ 862(%(11&2—1))-1-1 _ 16

dzx
Now,
y—8=16(x — 3(In2 - 1) =y —8 =16z — 8In2+8
=y = 16x — 81In2 + 16.

(a) Differentiate with respect to x:

(i) e3*(sinz + 2cos ),

Solution

d
= [e* (sinz + 2cosz)| = 3™ (sinz + 2cosz) + €**(cosz — 2sinx)
T

= ¥ (sinz + Tcosx).

(i) z®In(5z + 2).

Solution

d [2° In(5z + 2)] = 32° In(5z + 2) + o
da Sr 42

(4)



322 +6x—7

Given that y = ,x# —1,,

(x +1)2
dy 20
h hat — = .
(b) show that il e
Solution
32?46z —7 . dy (62 +6)(x+ 1) —2(x + 1)(32° + 62 = 7)
v= (x+1)2 do (x+1)4
> dy (67 +6)(x +1) —2(32% + 62 —7)
dz (x +1)3
dy (622 + 12z + 6) — (622 + 122 — 14)
= 2 =
dz (x +1)3
N dy 20
de — (z+1)3
d? d? 15
(c) Hence find d_I:Z and the real values of x for which d_xg ==
Solution
dy 20 :ffy:__ 60
de  (x+1)3  da? (x+1)*
and
d?y 15 60 15

da? 4 (@r1f 4
= (r+ 1) =16
=r+1=12

=gx=-3o0rzx =1

13. Find the equation of the tangent to the curve x = cos(2y + 7) at (O, %)

Give your answer in the form y = ax + b, where a and b are constant to be found.

Solution

10



15.

d
x=cos(2y+m) = 1= —2sin(2y + ) d_y
x

dy 1
A —
dz 2sin(2y + )
Now,
dy 1
— (=2 _1
x = 1 = 2
and we have

(a)

Find the value of 1 at the point where x = 2 on the curve with equation
x

y = 2°v/bx — 1.
Solution
1
y=2°Vbr — 1=y =2*5xr—1)2
d 1 1
é = 2z(5z — 1)2 + 227 (5z — 1) 2.
When z = 2,
d 1 1
d—y = 2(2)(10 - 1)Z + 3(22)(10 — 1)"2 = 151,
x e
2
(b) Differentiate sz * with respect to x.
T

Solution

d [sin2z]| 22°cos2z — 2zsin2x
dz 2 C

x4

B 2z cos2x — 2sin2x

3

f(z) = 3ze” — 1.

11



The curve with equation y = f(x) has a turning point P.

Find the exact coordinates of P.

Solution
%2033ez+3xex=0
=3(1+x)e" =0
=1+2=0
=z =—1

=y=-3e"-1,

and the turning point is at (—1, —3e™! — 1).

16.
2¢ + 2 z+1

2 —-2x—-3 x-—3

(a) Express f(z) as a single fraction in its simplest form.

f(x) =

Solution
2 + 2 z+1
f(z) = b7 oA —
T 2c—3 x—3
2r + 2 z+1

(z—3)(z+1) z-—3
22 +2 — (v + 1)?
(x —3)(x+ 1)

20 + 2 — (22 + 22 + 1)
(x —=3)(z+1)
W&y

CEDCESY

(1 —z)(1+x)

(

1

—-3)(z+1)

8

w

8

(b) Hence show that f'(z) = CEEE

12



Solution

f(z) = i:g f'(z) = —(@ _(5)__3)(21 —2)
= f'(z) = @ _23)2

17. (a) Differentiate with respect to :

(i) 2?%cos 3z, (3)
Solution
d—(xg cos 3x) = 2w cos 3 — 3x” sin 3.
x
. In(z?2 4+ 1)
(ii) P (4)
Solution
d [In(z*+1)] (22 +1) x 3% — 2z x In(2® + 1)
de | 22+1 | (22 +1)?
2z —2zIn(z® + 1)
(% +1)?
(b) A curve C has the equation (6)

y:\/4$+1,x>—1—11,y>0.

The point P on the curve has z-coordinate 2. Find an equation of the tangent to
C at P in the form ax + by + ¢ = 0, where a, b, and ¢ are integers.

Solution

1
y=+vdr+1=y=(4x+1)2
dy

1
S 9(r+ 1)1,
:>dx (4x )

13



d
and, when z = 2, we have d—y = % in which case the equation is
x

y—3=2%(z—-2)=3y—9=2z—4
=2rx—-3y+5=0.

18. The function g is defined by

Vel
g(x) = Ex_Q,weR,x#InZ
(a) Differentiate g(x) to show that g'(z) = ﬁ.
e’ —
Solution
oy ef(e” —2) —e(e” —3)
g (l’) > (ex 4 2)2
=R

(b) Find the exact values of x for which g'(z) = 1.

Solution

e$

g/(:v)zlsm:l
= e’ = (¢" —2)?
=" =¥ — 4e” + 4
= e —5e" +4=0
= (" —1)e"—4)=0
=e"—1=0o0re"—4=0
=e"=1lore" =4

=z =0o0r z=1In4.

In(z? + 1) find dy

19. (a) Given that y = e
T T

14



20.

Solution

In(z% + 1) N dy X 1_2:;2 —In(z?+1) x 1

v x dr x?
dy 1%;””’; —In(2® + 1)
de x?
_dy 227 — (1 + 2?) In(z* + 1)
dz 2(1 + x2)

d 1
(b) Given that = = tany, show that £ =12
Solution
d
r=tany =1= sech—y
dx
..
dr  sec?y
dy 1
= 2 =
dr 1+ tan?y
dy 1
= = = :
dr 1+ a2

(a) By writing secx as

1

cosx’ x

d
show that d—(sec x) = secz tan z.

Solution

4 (seca) d{ . ]

dx :E cos
0—1x (—sinx)

cos? x
sin x

cos? x
1 sinz

COST COST
=gecrtanzx.

15



Given that y = e** sec 3z,

dy
b) find —.
(b) find =~
Solution
d
y = ¢*" sec 3z = d_y = 2¢** sec 3x + 3% sec 3z tan 3z
x
d
= Y e 3z(2 + 3tan 3x).
dx

The curve with equation y = e¢** sec 3z, —% < < %, has a minimum turning point at
(a,b).

(c¢) Find the values of the constants a and b, giving your answers to 3 significant figures.

Solution

d

d_y =0 = e*sec3r(2+ 3tan3z) = 0

x
= 2+ 3tan3r =0

= tan 3z = —%

= 3z = arctan(—%)
= x = g arctan(—2)
— 2 = —0.196 0008678 (FCD)

=y = 0.8120938671 (FCD),

and so it is (—0.196, 0.812) (3 sf).

21. A curve C has equation

3
-z #2
Y= (5 30)2 3
The point P on C' has z-coordinate 2. Find an equation of the normal to C' at P in the
form ax + by + ¢ = 0, where a, b, and ¢ are integers.

Solution

16



= = 3(5 — 3z)
dy -3
—~ =18(5—3
P (5 —3z)
Now,
R T Y

and we have

y—3=3%(x—-2)=18y-54=z2-2
=z 18y + 52 = 0.

22. Figure 1 shows a sketch of the curve with the equation y = (22% — 5z + 2)e 2.

x

Y

0 T
Figure 1: y = (222 — 52 4 2)e™”

(a) Find the coordinates of the point C' where C' crosses the y-axis.

Solution
(0,2).

(b) Show that C' crosses the z-axis at * = 2 and find the z-coordinate of the other
point where C' crosses the z-axis.

Solution

17



y=0= (202 =5z +2)e " =0

=222 —5x+2=0
= 2z -1)(z—-2)=0
=2r—1=0o0rz—2=0

=>x=%orx=2.

(¢) Find j—i

Solution
dy
dx

= — (22 = 5x +2)e  + (4o — 5)e ™ = (=227 + 97 — T)e "

(d) Hence find the exact coordinates of the turning points of C'.

Solution

dy
dx

=0= (222 +92 —T)e " =0

=202 492 —-7=0
=202 - 9x+7=0
= 20 —T)(z—1)=0

=2r—T7=0o0rz—1=0

7

=g =zorzx=1,

7
and we have (1, —e™!) and (,9e72).

23. Given that

4r — 1 3

(a) show that

- —2,z>1,

2@ —-1) 2(x—-1)(2x—1)

Solution

18



f(z) =

4z — 1 3
g 9

2(x — 1)
(dr—1)2z—1) -3 —-4(x—1)(2z — 1)

2(x—1)(2z - 1)

2z —1)(2z — 1)
(822 — 6x + 1) — 3 — (822 — 127 + 4)

2(x —1)(2z — 1)
6x — 6

S 2 —1)(2z —1)

6(x —1)

2(r —1)(2z — 1)
3
2r — 1

(b) Hence differentiate f(z) and find f'(2).

Solution

3 0—-3x2 6
£(z) = (2) = —22 2 L fg) = ———
@)= =@ =G =W =g e
and
r=2=1(2)=-2
24.
f(r) = (8 —xz)Inz, x > 0.
Find f'(x).
Solution

f(z) =

8—x
T

—Inz.

®—x)lnz = f'(z) =

25. The curve C has equation

(a) Show that

3 + sin 2z

y= 2 4+ cos 2z’

dy  6sin2r +4cos2r + 2
dz (2 + cos2x)?

19



Solution
_ 3+sin2rx  dy (24 cos2w)(2cos2x) — (3 + sin 2z)(—2sin 27)
Y= 9 cos2z  dr (2 + cos 2x)?

N dy _ (4cos2x +2 cos? 2z) — (—6sin 2z — 2sin? 27)
dz (2 + cos 2x)?

N dy _ 4cos2z + 2 cos? 22 + 6 sin 2 + 2sin® 2
dz (2 + cos2x)?
dy  6sin2z + 4 cos 2z + 2(cos? 27 + sin? 27)

T (2 + cos 2x)?

N dy _ 6sin2z + 4cos2x + 2
dz (2 + cos 2x)?

us

(b) Find an equation of the tangent to C' at the point on C' where x = 7.
Writhe your answer in the form y = az + b, where a and b are exact constants.

Solution
dy 0—-4+2

dz (2—-1)2

Now, z = § = y = 3 and we have

rT=75= —2.

NIE

y—3=-2@—-3)=y—3=-2x+m7
=y=—-2x+71+3.

26. (a) Given that

d—(cos xr) = —sinz,
T

d
show that d—(sec x) = secxtanz.
T

Solution

20



d ( ) d 1
—(secx) = —
dx dx | cosx
~ 0—1x (—sinx)
B cos? x
_ sinz
© cos?z
1 sinz
 COST COST
= secxtanz.
Given that
x = sec 2y,
d
(b) find Y in terms of Y. (2)
dy
Solution
T = sec2y = & 2 sec 2y tan 2y.
dy
dy .
(c) Hence find I, B terms of . (4)
x
Solution
dx dy 1
— = 2sec2ytan?2 - =
dy secoytandy = dr  2sec2ytan2y
dy 1
= 2 =
dz  2sec 2ym
dy 1
= — =
dr  2sec2y~/sec?2y — 1
dy 1
= — = =
dr 2zvz?2 -1

27. Differentiate with respect to x:
(a) In(z* + 3z + 5), (2)

21



Solution

d 2rz + 3
— [In(z®> + 3 5|l = ——.
qp [+ 30 +5)] = 5=
CcosS T
() <5F.
Solution
d [cosx] B —x?sinx — 2x cosx _ —zrsinxz — 2cosx
de L 22 | x4 ’ x3 '
28. 4 5 2
f(z) = i ’ , T # 3, T~ 1

(a) Show that

2z +1)(x—3) 22-9

)
2z +1)(z +3)

f(x) =

Solution

f(x) =

4r — 5 B 2x
2r+1)(x—3) x22-9
4r — 5 2x

2r+1)(x—3) (r—3)(x+3)
(4z = 5)(x + 3) — 2z(2x + 1)
(2x 4+ 1)(x — 3)(z + 3)
(422 + Tx — 15) — (42? + 22)
2z + 1)(z — 3)(x + 3)
or — 15
2z + 1)(z — 3)(x + 3)
5(z — 3)
(x — 3)(x + 3)

(2x + 1

~— | Ol ~—

2z +1)(z + 3)°

The curve C has equation y = f(x). The point P(—1,—2) lies on C.

22



(b) Find an equation of the normal to C at P.

Solution
5 5(4x +7)
fr) = —— () = —
@)= O - Germrar
and, xr = —1,
d
Now,
y+2=2(x+1)=y=1z— 3.

29. Differentiate with respect to x, giving your answer in its simplest form:
(a) z*In(3z),

Solution
d
T [2*In(32)] = 22In(3z) + «.
sin4x
() 2
Solution
d [sindz] 423 cos 4 — 322 sin 4x _ 4zcosdr — 3sindx
de | 23 | x8 B x4 ’

30. The point P is the point on the curve x = 2tan(y + 5) with y-coordinate 7.

Find an equation of the normal to the curve at P.

Solution

y:%:sz\/g. Now,

d
r=2tan(y + =) =1 =2sec’(y + %) Y

dz
:>dy_ 1
dr  2sec(y+ %)’
When y = 7,
dy _ =m' =-8
dez 8

23



and so we have

y—g=—8(x—2\/§):>y=—8x+16\/§+£

31. (4)
f(z) = 2* — 3z + 2cos(3z), 0 <z < .

The curve with equation y = f(x) has a minimum point P.

Show that the z-coordinate of P is the solution of the equation

3+ sin(3z)
T=

Solution

d
d—i =0=2z—-3—sin(3z) =0
= 2z = 3 + sin(3x)
3+ sin(3x)
- : ‘

= I

32. Figure 2 shows a sketch of the curve C' which has equation

_ :m/g s ™
y=e""sindzr, -3 <x < 3.
y P

O
x

Figure 2: y = e*V3sin 3z

24



(a) Find the z-coordinate of the turning point P on C, for which x > 0.

Give your answer as a multiple of 7.

Solution
d
d—y =0= \/ge’“/g sin 3z + 3e"V3 cos 3z = 0
T
= \/gsin 3z = —3cos 3z
= tan 3z = —\/§
= 3x = 2?”
g
as 3x = —Z is not sensible.

3

(b) Find an equation of the normal to C' at the point where x = 0.

Solution
dy 1
:v=0:>a=3:>m'=—§
and
y—0=—3(z—0)=y=—3z.

(a) Differentiate with respect to x:

(1) :1:% In(3x),

Solution
d 1 1 1
T [:ﬁ ln(Bx)] =12 2In(3z) + 2" 2.
x
(i) ~—O givi i its simplest 1
ii) —————, giving your answer in its simplest form.
(2x —1)5
Solution

25



d [ 1— 10z ] —10(2z — 1)° — 10(2z — 1)*(1 — 10z)

dz | (22— 1) (22 — 1)10
—10(2z — 1) — 10(1 — 10z)
- (2z — 1)8
80z
T (22— 1)%

d
(b) Given that z = 3tan 2y, find d_y in terms of x.
T

Solution
d
r = 3tan2y = 1 = 6sec 2y 2
dx
dy 1
= <2 =
dr  6sec?2y
dy 1
dz  6(tan?2y + 1)
dy 1
v 6| (3)"+1]
= dy 1
s
dz 65 +1]
dy 1
dz 222+ 6
dy 3
= = = .
dr 222+ 18
34. The curve C' has equation
y = (2v — 3)°.

The point P lies on C' and has coordinates (w, —32).
Find

(a) the value of w,

Solution

26



(22 —3)° = —32=2r —3 = -2
=2r =1

= I =

[

Solution

(b) the equation of the tangent to C' at the point P in the form y = ma + ¢, where m
and c are constants.

d
y=(2z—-3)° = Y 10(2z — 3)*,
x
and, when x = %,

CL|Q-
SHESS

= 160 and we have

y+32=160(z — 3) = y = 160z — 112.

35. (a) Differentiate with respect to x:

(i) y = 231n 2z,

Solution

q (z°In2r) = 32%In 2z + 2°.
: SR T T T

(ii) (z + sin2x)®.

Solution

3 [(z + sin22)®] = 3(x + sin 2z)*(1 + 2 cos 2x)
x
Given that x = coty,
dy 1
(b) show that — = ———.
x 1+ a2
Solution

27
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r=coty=1= —cosec2y—y
dx
dy 1
dz  cosec?y
dy 1
dez 1+ cot?y
dy 1
= — = — .
dx 1+ 22
30 2 4 18
f(x) = + - , = 0.
(z) r+2 2245 (224+5)(x+2) v
2x
Show that f(x) =
(a) Show that f(x) PR
Solution
2 4 18
f(x) = + —
(%) r+2 2245 (22+5)(r+2)

2(x® +5) +4(x +2) — 18
(2 4+ 5)(x + 2)
(222 +10) + (4= + 8) — 18
(22 4+ 5)(x + 2)
222 + 4x
(22 +5)(x + 2)
2z(x + 2)
(22 4+ 5)(x + 2)
2x
22 +5

(b) Hence, or otherwise, find f'(x) in its simplest form.

Solution
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2 4 18

_|_ —
z+2 2245 (2245)(x+2)

2x
= f(z) = P
2(z? +5) — 4a”?
= flo)= (24 5)2
10 — 222

Figure 3 shows a graph of the curve with equation y = f(z).

Y

y = f(z)

O T

2 4 B 18
r+2 2245 (22+5)(z+2)

Figure 3: f(z) =

(c) Calculate the range of f(x).

Solution

f(x) = 252%* — 16, r € R.
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Using calculus, find the exact coordinates of the turning points on the curve with equa-
tion y = f(x).

Solution

d
& 0 = 50w + 50226 = 0
dz

= 50z(1 + z)e* =0
=z(l+z)=0

=z =—1orxz=0,

and the turning points are (—1,25e¢~% — 16) and (0, —16).

38. Given that
z=sec’3y, 0 <y <%,

d
(a) find d—i in terms of y.

Solution

d
r = sec’ 3y = d_x = 6sec” 3y tan 3y.
Y

(b) Hence show that

dy 1
e 1
dx 6x(x—1)2
Solution
dx dy 1
— =6sec’3ytandy = — =
dy SO SYTAMNSY = 4 T Bsec? 3y tan 3y
_ dy 1
dz  6sec? 3y4/tan? 3y
N dy 1
dr  6sec? Sy\/m
dy 1
T 6a(r—1)2
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2
(c) Find an expression for d_y in terms of x. Give your answer in its simplest form. (4)

22
Solution
0— |60z —1)2 + 3u( 1)1]
— r—1)2 +ox(x — 2
dy v Ay
dx 62(z — 1)% da? 3622(z — 1)
d%y 6(x — 1)+ 3z
T A 1
36x2(x — 1)2
d?y 92 — 6
Az 1
3622(x —1)2
d?y 6 — 9z
= 2 = il
T 36a2(z —1)2
d*y 2 —3x
= dz? 1
1222(z — 1)2
39. (a) Differentiate (3)
cos 2x
Va
with respect to x.
Solution
1 1
d [cos2zx]| —2x2sin2z— $172 cos 2
de | o | x
—4x sin 2z — cos 2x
— - .
212
d 2 : .
ow that — (sec” 3x) can be written in the form
(b) Show that 1 ( 3x) b tt the fi (3)
x

p(tan 3z + tan® 3z)

where p is a constant.
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Solution

d
L (sec? 3x) = 6sec? 3x tan 3w
T

= 6(tan? 3z + 1) tan 3z
= 6(tan 3z + tan® 3x).

d
(c¢) Given that z = 2sin (%), find d_y in terms of x, simplifying your answer.
&

Solution

d
x=251n<g) :>1=§COS<%> '

3 T

dy 3
dzr  2cos (%)
dy 3

= 2 =
dr- 9, /1 —sin? (%)

_dy_ 3
dr " 31— (2
dy 3

= 2 =
dx 4 — g2

40. Figure 4 shows a sketch of part of the curve with equation y = f(x) where

f(z) = (22 + 3z + 1)e”".
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Figure 4: f(z) = (2° + 3z + 1)e*

The curve cuts the x-axis at the points A and B.

(a) Calculate the z-coordinate of A and the z-coordinate of B, giving your answers to
3 decimal places.

Solution

f(z) = 0= (22 + 3z + 1)e” =0
=2’ +3x+1=0
= 7?4+ 31 +2.25 = 1.25
= (v + 1.5)? = 1.25

_ -3+4/5

2
— = —2.618 —0.382 (3 dp).

=T

(b) Find f'(z).

Solution

f(z) = (22 + 3z + 1)e” = f'(z) = 2z + 3)e” + 22(2® + 3z + 1)e”
= f'(z) = (22° + 62° + 4z + 3)e”.

The curve has a minimum turning point at the point P.
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(c¢) Show that the z-coordinate of P is the solution of

3(22% + 1)

T PR

Solution

f'(z) = 0= (22° + 622 + 4z + 3)e™ = 0
=22 +62° + 4z +3 =0
= 22° + 42 = —62° — 3
= 2x(z% +2) = —3(22* + 1)

3(22% + 1)
>r=—-——">".
2(z2 + 2)
41. The curve C has equation y = f(z) where
4 1
f(z) = jjz,mz
(a) Show that
9
f'(z) = —
Solution
4 1 dor—2)—(4 1
r—2 (x —2)2
9
f'(z) = —
=) =y

Given that P is a point on C' such that f'(z) = —1,
(b) find the coordinates of P.

Solution
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f'(z) = 1= — ) _ -1

(z —2)?
= (x—2)%=9
=xr—2=3
=xr=2>5
=y="T,

and so we have (5,7).

42. The curve C has equation x = 8y tan 2y.
The point P has coordinates (7, §).
(a) Verify that P lies on C.

Solution

Wheny =%, 2 =8x g xtan} =m.

(b) Find the equation of the tangent to C' at P in the form ay = x + b, where the

constants a and b are to be found in terms of 7.

Solution
d d
r =8ytan2y = 1= 8tan2y—y + 16y sec? 2y—y
dx dx

2 dy

= 1 = (8tan 2y + 16y sec 2y)d—

x

dy 1
= — = .
dz  8(tan 2y + 2ysec?2y)
Now,

dy 1 1 1

T=T= —< = = =
dz 8(1+Zsec?f) 8(1+7%) 8+44n’
and
s 1 us

Vo= 3,0 =@ ran)y-g) =a -7

2
:>(8+47T)y—7r—7 =r—T7

2
=>(8+47r)y=m+?.
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43. The curve C has equation (4)
y = 2cos(32?) + 2° — 3z — 2

and has a minimum turning point P.

Show that the z-coordinate of P is a solution of the equation

r = \/1 + 2asin(322).

Solution

dy

1, 0= 2 sin(22?) + 327 =3 =0

= 32° = 3 + 2w sin(32?)

=2 = 1 + 2xsin(32?)

== \/1 + 2asin(3a2).

44. A curve C has equation y = % + 24 4+ 82 + 5.

(a) Show that the z-coordinate of any turning point of C' satisfies the equation (3)
3= —2— el
Solution
d
0= 46?4 40t 18 =0
dx
e 122 4+2=0
=g =2 ¢
(b) Sketch, on a single diagram, the curves with equation (4)
(i) y =%
(i) y = —2 — &', (2)

On your diagram give the coordinates of the points where each curve crosses
the y-axis and state the equation of any asymptotes.
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Solution

Figure 5: y = 2% and y = —2 — **

(c) Explain how your diagram illustrates that the equation z® = —2 — e* has only one (1)
root.

Solution
They only intersect at one point so clearly there is one root.

45. (a) Given that (4)
r=sec2y, 0 <y<7,
show that
dy 1
de  4dazvz—1
Solution
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d
r=secy=1= 4sec2ytan2yd—y
x
dy 1
e
dr  4sec2ytany
dy 1
= = =
dr  4sec2yr/tan? 2y
dy 1
= — =
dz  4sec2y~/sec?2y — 1
dy 1
e A A A
dr  4davzx —1

(b) Given that
y = (2% + 2%)In 27,

, giving your answer in its simplest form.

find the exact value of j—y at © = g
T

Solution
_ (2 3 dy 2 2 3y 1
y=(x +x)ln2x:>d——(2x+3x)ln2x+(x + 2°)—
T x
dy_ 2 2
= — = (20 + 32°) In 2z + = + z*.
dx
Now,
_ € dy* e21 e e\2
x—§éa—(e+3(§))ne+§+(§)
d
=>£= +8 e e
dy .
5262"‘%
(c) Given that
(z) — 3(:03:617 L1
(x+1)3
show that
Play= 8@ 4.y,
(x+1)3



where g(x) is an expression to be found.

(x +1)3

Solution
1
f(x) 3cosx (2) —3(z+1)3 sinx—(g—i—l)
(x+1)3 (x+1)3
= () —3(z + 1)sinx — cosx

46. The point P lies on the curve with equation

x = (4y — sin 2y)>.

Given that P has (x,y) coordinates (p, 5), where p is a constant,
(a) find the exact value of p.

Solution

y=72=ux=(2r—sinm)’ = 47’

The tangent to the curve at P cuts the y-axis at the point A.
(b) Use calculus to find the coordinates of A.

Solution

dy 1
- — = .
dz  2(4y — sin2y)(4 — 2 cos 2y)
Now,
. dy 1 1
L= = = —
2 dr 2027 —sinm)(4 —2cosT) 24w
and 1
y—3 %(@" —4n?)
Finally,
r=0=0-3=767Y =%

d
r = (4y —sin2y)® = 1 = 2(dy — sin 2y)(4 — 2 cos 2y) el
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47. Figure 6 shows a sketch of part of the curve with equation

g(x) = 2*(1 —2)e **, v <0.

|

19) x

Figure 6: g(z) = 2*(1 — 2)e”**

(a) Show that g/(x) = f(x)e™®, where f(z) is a cubic function to be found.

Solution
We will apply a bit of Leibniz’s Theorem!

d

=22(1 —x)e™® — 2% — 22%(1 — x)e™ ™
= [22(1 —2) — 2 = 22%(1 —2)] e

= [(2z — 227) — 2® — (22" — 22°)] ™™

= (22 — 527 + 2z)e .

¢(z) = [a(l«?)] (1—z)e ™ + 2 [%(1 - :17)] e 1 22(1 — 2) [

d

dzx

)|

(b) Hence find the range of g.

Solution
g(r) =0= (22° — 52 + 2z)e " =0

= 22° — 52 + 22 = 0

= 222> -5z +2) =0

=22z —-1)(z—-2)=0

=1x=02r—-—1=0,orx—2=0

:>a:=0,x=%, orr = 2.
Now,

g(0) = O,g(%) = %e_l, and g(2) = —4e™*

and hence
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(c) State a reason why the function g~'(z) does not exist.

Solution
Because g(z) is not a one-to-one function.

48. Given that k is a negative constant and that the function f(z) is defined by

(x — bk)(x — k)
f(z) =2 — >0,
(z) x2—3kx+2k2’x
z+k
h hat = .
(a) show that f(z) ok
Solution
B (x — bk)(x — k)
Hz) =2 - 3 1 o2
B _(x—5k)(:v—k)
(x — 2k)(z — k)
_ _a:—5k:
B z — 2k
_ 2(w —2k) — (z — 5k)
B z — 2k
_x+k
o — 2k

()

Hence find f'(x), giving your answer in its simplest form.

Solution
z+k ) (x —2k) — (x + k)
(w):x—Qk’jf(a:): (x — 2k)?
, 3k

State, with a reason, whether f(z) is an increasing or decreasing function.

Justify your answer.
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49.

50.

Solution
f(z) is an increasing function as f(z) > 0.

4x
245

Y =

d
(a) Find d—y, writing your answer as a single fraction in its simplest form.
x

Solution

dr_dy _ 4(x? +5) — 8z
22+5 dzr (224 5)2
dy 20— 422

T dz (215

y:

(b) Hence find the set of values of  for which g—y < 0.

x
Solution
dy 20 — 422
— —— <0
dx N/ (x2 + 5)2 =
= 20—422 <0
=12>5

(a) Find, using calculus, the z-coordinate of the turning point of the curve with equation

y = e*” cos 4, T<z<

ISIE

Give your answer to 4 decimal places.

Solution
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dy

=0 = 33 cosdr — 43 sindz = 0
dx

= 3cosdzr = 4sin4x

= tandx =

PN

= 4z = 7 + arctan 3 (why?)
=z = 1(7 + arctan 3)

— 2 = 0.9462734406 (FCD)
— = 0.9463 (4 dp).

d
(b) Given z = sin®2y, 0 <y < Z, find d_y as a function of y.
T

Write your answer in the form

—— = pcosec
1z p ay),

where p and ¢ are constants to be determined.

Solution

d
r=sin?2y = 1= 4sin2ycos2yd—y
x

dy ¢ 1
dz  4sin 2y cos 2y
dy 1
dz  2sindy
d
= ﬁ = 1 cosec 4y.

51.
; 3 _3224Tr -6
f($)=x+x v ,x>2 xelR
2?2+x—6

(a) Given that
et + 1t =3+ Tr -6, b
=+ A+ ——,
2+x—6 x — 2
find the values of the constants A and B.
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Solution

o+ =32+ Tr -6 2*(2?+2—6)+32>+Tr—6
22 +2x—6 22 +2x—6
s 3P+ Tr—6
v 2+x—6
5 3P+ 1z —6)+4r+ 12
-+
2+2x—6
9 4r + 12
G "
4(x + 3)
(x +3)(z —2)

2 +3+

4
2
3+ ——.
xr° + +x—2

(b) Hence, or otherwise, using calculus, find an equation of the normal to the curve

with equation y = f(z) at the point where x = 3.

Solution .
f(x)=x2+3—|—x_2:>f’(x)=2x—m.
Now,
x=3:>y=16:>f'(x)=2:>m/=—%
and
y—16=—-3(z-3)=>y=—1o+2

52. Figure 7 shows a sketch of part of the curve C' with equation

y=2In(2x +5) — %L x> —2.5.
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Y

C

Figure 7: y = 2In(2z + 5) — 3«

The point P with z-coordinate —2 lies on C'. Find an equation of the normal to C at
P. Write your answer in the form az + by = ¢, where a, b, and c are integers.

Solution
dy 4
=2In(2z +5) — 3z = —= = — 3
y n(2z +5) 2x:>dx 20 +5 2
dy|  _s
de| _ , 2
and so we have
=4
Now,
r=-2=y=3
and

y—3=—2(x+2)=5y—15=—2(z +2)
=5y —156=—-2x—-4
= 27 + 5y = 11.

(a) Given y = 2z(z? — 1)°, show that

d
(i) ﬁ = g(x)(z* — 1)*, where g(z) is a function to be determined.
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Solution

y=2x(z? - 1)P° = % =2(2? — 1)° + 202%(2* — 1)*
xr
R % ~ (@2 = 1)Y2(a? — 1) + 2027
= % = (2227 — 2)(z* — D%

d
(ii) Hence find the set of values of x for which d—y > 0.
x

Solution
The critical values are at x = +1 (which can be dismissed — why?) and
T = i% and

xé——ﬁorw}—vﬁl.

(b) Given
r =In(sec2y), 0 <y <%,

d
find d_y as a function of x in its simplest form.
T

Solution
dr  2sec2ytan2y
r=In(sec2y) = — = ——————=

dy sec 2y
d

- 2tan 2y
dy
dy 1

= — =
dr  2tan2y
dy 1

> — =
dr  24/sec?2y —1

1

7707 ¥ /1.0 N
dz  24/(e¥)2 —1
dy 1

= — = .
dz 2y/e2 — 1
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