Dr Oliver Mathematics
Advanced Level: Pure Mathematics 1
November 2021: Calculator
2 hours

The total number of marks available is 100.
You must write down all the stages in your working.
Inexact answers should be given to three significant figures unless otherwise stated.

1.
f(z) = az® + 102* — 3az — 4.

Given that (z — 1) is a factor of f(x), find the value of the constant a.

You must make your method clear.

Solution
Well,

f(1)=0=a+10—-3a—4=0

= —2a = —6

&0

=

S|

2. Given that
f(z) =2* —dx +5, v e R.

(a) express f(x) in the form
(z +a)® +b,

where a and b are integers to be found.

Solution

f(r) =2® —42 +5
=(2* —4dr+4)+1
= (z—2)* + 1;

hence, a = —2 and b = 1.




The curve with equation y = f(x)

e meets the y-axis at the point P and

e has a minimum turning point at the point Q).

(b) Write down
(i) the coordinates of P,

Solution
(0,5).

(ii) the coordinates of Q.

Solution
2,1).
3. The sequence uy, us, us, ...is defined by
24
Upy1 =k — —, up = 2,
Uy,

where k is an integer.

Given that

(a) show that

u1 + 2ug + uz = 0,

3k? — 58k + 240 = 0.

Solution
So,




Now,

24
u1+2uQ+u3=0:>2+2(k—12)+(k—k 12) =0

= 2(k —12) + 2(k — 12)* + k(k — 12) =24 =0
= (2k — 24) + 2(k® — 24k + 144) + (k* — 12k) — 24 =0
= 3k* — 58k + 240 = 0,

as required.

Find the value of k, giving a reason for your answer.

Solution
add 1?0: —58 _ 40, —18
multiply to: (4+3) x (4+240) = +720

E.g.,

3k* — 58k + 240 = 0 = 3k? — 40k — 18k +240 = 0
= k(3k — 40) — 6(3k — 40) = 0
= (k—6)(3k —40) =0
=k =6or k=133

but ke Z so k = 6.

Find the value of us.

Solution

4. The curve with equation y = f(z) where

f(z) = 2% + In(22® — 4z + 5)

has a single turning point at z = «a.

(a)

Show that « is a solution of the equation

203 — 4z +Tx — 2 = 0.



Solution

4y — 4
f(o) = % + (20 — 4o +5) = () =20+ 5o
and
4o — 4
f(0) =0 2 92 A L E
() = x+2x2—4x+5

= 2r(22° —4r +5)+42—-4=0
= (42° — 82* + 102) +4r —4 =0
= 4z° — 81> + 62 —4 =0

= 2(22° — 42 + 32 —2) =0

= 2% — 42® + 37 — 2) = 0,

as required.

The iterative formula
Tpi1 = 2(2 + 427 — 223)

is used to find an approximate value for a.
Starting with z; = 0.3,

(b) calculate, giving each answer to 4 decimal places, (3)

(i) the value of x,

Solution

T2 = £[2+4((0.3)%) — 2((0.3)%)]
= 0.329428 5714 (FCD)
=0.3294 (4 dp).

(i) the value of 3.

Solution

x5 = 1[2 4+ 4((0.329...)%) — 2((0.329...)%)]
= 0.3375130657 (FCD)
= 0.3375 (4 dp).




Using a suitable interval and a suitable function that should be stated,

(c)

show that « is 0.341 to 3 decimal places.

Solution

f(0.3405) = —6.74... x 10~
f(0.3415) = 1.89... x 107*

The function f'(x) is continuous (z > 0) and there is a change of sign and so
the root lies 0.3405 < o < 0.341 5; hence,

a = 0.341 (3 dp).

5. A company made a profit of £20000 in its first year of trading, Year 1.

A model for future trading predicts that the yearly profit will increase by 8% each year,

so that the yearly profits will form a geometric sequence.

According to the model,

(a)

show that the profit for Year 3 will be £23 328,

Solution

Profit = 20000 x (1.08)?
= £23328,

as required.

find the first year when the yearly profit will exceed £65 000,

Solution




Let n be the first year when the yearly profit will exceed £65000. Then

20000 x (1.08)" > 65000 = (1.08)"! > 3.25
= In(1.08)""' > In3.25
= (n—1)In1.08 > In3.25
In3.25

In1.08
In 3.25

In1.08
—=n>16314...;

=n—1>

=>n >

hence, it will take 17 years.

(c) find the total profit for the first 20 years of trading, giving your answer to the
nearest £1 000.

Solution
a = 20000, n = 20, and r = 1.08:

20 000(1.08% — 1)
1.08 -1
— 915239.286 (FCD)

= £915000 (nearest thousand).

S20 =

6. Figure 1 shows a sketch of triangle ABC.

C

A
Figure 1: a sketch of triangle ABC'

Given that

e AB = —3i—4j — 5k and
° ?Zi—i-j-f-élk,



(a) find AC,

Solution
AC = AB + BC
= (—3i—4j—5k) + (i+j+4k)
=-2i—-3j— k.
(b) show that
cos ABC = %.
Solution
Well,
a = BC
VA /12 + 12 4. 42
= 3v2,
b= AC
= V/(-2)% + (=3)2 + (—1)?
=1/14, and
c=AB
= V3P + (AP + ()
— 5/2.
Now,
b2 =a?+ 2 —2bccos ABC = 14 = 18 + 50 — 2 x 3v/2 x 5v/2 x cos ABC
= —54 = —60cos ABC
= cos ABC = %,
as required.

7. The circle C' has equation
v? +y? — 10z + 4y + 11 = 0.
(a) Find



(i) the coordinates of the centre of C,

Solution
2+ =100 +4y +11=0
= (2* —102) + (y* + 4y) = —11
= (2 =100 +25)+ (P +4y+4) = —11+25+4
= (-5 +(y+2)° =18

the coordinates of the centre of C' are (5, —2).

(i) the exact radius of C, giving your answer as a simplified surd.

Solution
The exact radius of C' is
V18 = 3v/2.
The line [ has equation
y=3x+k,

where k is a constant.

Given that [ is a tangent to C,

(b) find the possible values of k, giving your answers as simplified surds.

Solution

Simultaneous equations:

22+ (3r+ k) — 102 +4(3z + k) + 11 =0
= 2?4 (92 + 6kx + k*) — 102 + (120 + 4k) + 11 =0
= 102® + (6k + 2)z + (k* + 4k + 11) = 0.

Now, given that [ is a tangent to C:
b? — dac =0 = (6k +2)? — 4(10)(k* + 4k + 11) = 0
= (36k% + 24k + 4) — (40k* 4 160k + 440) = 0

= —4k* — 136k — 436 = 0
= —4(k* + 34k + 109) = 0




e.g., we now complete the square:

= k* + 34k = —109
= k* + 34k + 289 = —109 + 289
= (k+17)* = 180
=k +17 = +1/180
=k =—17 + 6V5.

8. A scientist is studying the growth of two different populations of bacteria.

The number of bacteria, N, in the first population is modelled by the equation
N = Aeft ¢ > 0,

where A and k are positive constants and ¢ is the time in hours from the start of the
study.

Given that

e there were 1000 bacteria in this population at the start of the study and
e it took exactly 5 hours from the start of the study for this population to double,

(a) find a complete equation for the model.

Solution

t=0,N=1000= 1000 = Ac°
— A = 1000

and

t =5N =2000= 2000 = 1000e>*
= %% = 2
= bk =1n2
=k = %1112;
hence,

1

N = 1000e(5 22",




(b) Hence find the rate of increase in the number of bacteria in this population exactly
8 hours from the start of the study. Give your answer to 2 significant figures.

Solution
Well,

1 1
N = 10006(51n2)t - da_‘];[ _ 200 ].Il 2e(51n2)t

and

dN 1
t=8 = 7 = 200 In 25 )8

dN

= e 420.245865 8 (FCD)
dN
—— =420 (2 sf).

= 1 (2 sf)

The number of bacteria, M, in the second population is modelled by the equation
M = 500e"* ¢ > 0,

where k has the value found in part (a) and ¢ is the time in hours from the start of the
study.

Given that T" hours after the start of the study, the number of bacteria in the two
different populations was the same,

(c) find the value of T

Solution
1
e(gan)T .
e(ﬁln2)T
Emoyr—(Lwm2r 1
= e'b 25 = 5
1 7
- e(BIHQ_%IHQ)T _ %
= (fln2- L2)T =}
1
I L S
1
5 hl 2 — 35 hl 2
= T =12.5 hours (exactly!).
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£(x) = 5022 + 38z + 9
~ (5z 4+ 2)2(1 — 2z)’

Given that f(z) can be expressed in the form

2 1
TF—5, TF 5.

A N B N C
Sr+2 (br+2)2 1-2z

where A, B, C' are constants.

(a) (i) find the value of B and the value of C,

Solution

502° +38z+9 A N B N C
bz +2)2(1—2z) br+2 (Bz+2)? 1-—2x
A5z +2) + B(1 — 2x) + C(5x + 2)*

(5z + 2)2(1 — 27)

and hence

5022 + 38z + 9 = A(5z + 2) + B(1 — 2z) + C(5x + 2)%.

z=1.40.5 = 454 +20.25C (1)

9=2A+1+4+4C=4=A+2C=18=45C+9C (2).

Do (1) — (2):
22.5=11.25C = C = 2.

(ii) show that A = 0.

Solution
4=A+4=A=0.

(b) (i) Use binomial expansions to show that, in ascending powers of x,
f(x) =p+qoe+ra*+ ...,

where p, ¢, and r are simplified fractions to be found.

11



Solution

L 1 t )

Gz +2)? 1-2

= (24 52) 2 +2(1 —2z)7!

= [2(1+ 32)7*) + 2(1 — 22)7!

f()

=11+ 32) 7 +2(1 —22)7".
Now,
1+32)2=(1—-(-22))2
(=2)(=3)
=1+ (=2)G0) + —5—(G2) + ..
= 1—5x+%x2+...
for
]gx|<1:>|x|<§
and
—1)(—2
(120" = 14 ()(2) 4 + A gy
=1+422+42° + ...
for
2| < 1= |z| < %
Hence,

flz) =11 -5+ B2+ .. ) +2(1+ 22+ 42® + ...

— 9,1 203 .2
—4+ 4$+ 6L +....

Find the range of values of = for which this expansion is valid.

Solution
We have to find the most restrictive conditions:

2| < 2.

12



10.

(a) Given that
1+ cos26 + sin 260 # 0,

prove that

1 — cos 26 + sin 260 tom 0
= tanb.
1 + cos 26 + sin 20

Solution

1—cos20+sin20 1—(1—2sin*6) + 2sinfcosf

1+cos20 +sin20 1+ (2cos20 — 1) + 2sin 6 cos b
2sin? @ + 2sin 6 cos 6

2cos20 + 2sinfcos
~ 2sinf(sinf + cos )

~ 2cosf(sinf + cos )
sin 6

cos
= tand,

as required.

(b) Hence solve, for 0° < z < 180°,

1 — cos4dzx + sin4dzx
1 + cosdzx + sindx

= 3sin 2z,

giving your answers to one decimal place where appropriate.

Solution

1 — cos4dz + sin4x

1+ cos4x + sin4x
1 — cos2(2x) + sin2(2z)

= 3sin 2z

= = 3sin2
1 + cos2(2x) + sin 2(2x) —
= tan2z = 3sin2x
sin 2x )
= = 3sin 2z
cos 2x
= sin2x = 3sin 2z cos 2z
= J3sin2xcos2z —sin2x =0
= sin2z(3cos2x —1) =0
= gin2x =0 or cos2z = &

5.
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sin 2z = 0:

sin2z = 0 = 2z = 180

= z = 90.

[y

COS 2% = =:

w

cos2a = L = 22 = 75.528 77937, 289.4712206 (FCD)
= 1z = 35.264 38968, 144.73561036 (FCD)
= 1z = 35.3, 144.7 (1 dp).

11. Figure 2 shows a sketch of part of the curve with equation

y = (Inz)? x>0,

Va

=Y

Figure 2: y = (Inz)?

The finite region R, shown shaded in Figure 2, is bounded by the curve, the line with
equation x = 2, the z-axis, and the line with equation x = 4.

The table below shows corresponding values of  and y, with the values of y given to
4 decimal places.

x| 2 2.5 3 3.5 4
y | 04805 0.8396 1.2069 1.5694 1.9218

14



(a) Use the trapezium rule, with all the values of y in the table, to obtain an estimate (3)
for the area of R, giving your answer to 3 significant figures.

Solution
Let h = 0.5.

Area ~ £ x 0.5 x [0.4805 + 2(0.8396 + 1.2069 + 1.5694) + 1.9218]
— 2.408 525
—2.41 (3 dp).

(b) Use algebraic integration to find the exact area of R, giving your answer in the form (5)
y=a(ln2)*+bln2 +c,

where a, b, and c¢ are integers to be found.

Solution
We use integration by parts:
du 2Inzx
] = =
(Inz) dx x
dv
a =l=v==z
So
Inz)?dz = z(lnz)? — xelnx dx
(In )
x
= z(Inz)? — lenxdx
=2(lnz)? - 2(zlnz —z) +c
=2(lnz)? —2rlnx + 2z + ¢
and

4
J lnx z(lnx —2xlnx—i—2x] oo

= [a
= (4(In4)*> — 8In4 +8) — (2(In2)* —4In2 + 4)

= (4(In2%)* —=8In2* +8) — (2(In2)* — 41In2 + 4)
= (4(2In2)* = 16In2 + 8) — (2(In2)* —4In2 + 4)
(16(In2)* —16In2 + 8) — (2(In2)* —41In2 + 4)
12(In2)? — 12In2 + 4;

15



hence, a = 14, b = —12, and ¢ = 4.

12. Figure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
hits the ground.

Ha

Figure 3: a golf ball

The vertical height, H metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball is modelled as a particle travelling in a vertical plane above horizontal ground.

Given that the ball

e is hit from a point on the top of a platform of vertical height 3 m above the ground,

e reaches its maximum vertical height after travelling a horizontal distance of 90 m,
and

e is at a vertical height of 27 m above the ground after travelling a horizontal distance
of 120 m.
Given also that H is modelled as a quadratic function in =z,
(a) find H in terms of x.

Solution
Let
H(z) = az® + bx + ¢,

16



where a, b, and c are all to be determined. Now,

r=0H=3=3=0+0+c

=c=3.
and
x =120, H = 27 = 27 = 14400a + 120b + 3
= 14400a + 120b = 24
= 600a +5b =1 (1).

Next,

dH

H(z) =ar’ +br+3= — =2ax+

dz

and
dH
r=90,— =0=0=180a + b
dz
= 0 =900a + 5b (2).
Do (2) — (1):
1
300a = —1=a=—353
:b—g
Hence,
H(z) = —55=2% + 22 + 3.

(b) Hence find, according to the model,

(i) the maximum vertical height of the ball above the ground,

Solution

s

x =90 = H(90) = —3%-(90%) + £(90) + 3 = 30

|

(ii) the horizontal distance travelled by the ball, from when it was hit to when it
first hits the ground, giving your answer to the nearest metre.

Solution

17



1 .2 3 1,2 3
_mag +5$+3_0:>_mx +5ZE -3
1 2

= 2% — 180z = 900

= 22 — 180z + 8100 = 900 + 8100

= (z —90)* = 9000

=z —90 = +30v/10

=z =90+ 30V10

= 1 = —4.868 329 805, 184.868 3298 (FCD);

because > 0, z = 185 m (nearest metre).

(c¢) The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model.

Solution

E.g., the ground is unlikely to be horizontal (it will have incline/decline), the
spin on the ball, the ball is not a particle.

13. A curve C' has parametric equations

P45 At

=—— teR.
t2+1’y 241’

T

Show that all points on C' satisfy

(z —3)* +y* =4

Solution

18



245 2 4t \?2
_32 2: _3
(@ )y +y (ﬁ+1 > +(ﬁ+1>

NG GRS 2+
S\ +1 0 241

(2 -

222 (4t)?

_(ﬂ+D2+(ﬁ+U2

(2 — 2t%)% + (4¢)?

4t
2 +1

;

(12 +1)2
(482 + 4t) + 1682
(t2 + 1)2
At 48t +4
(24 1)2
At + 22+ 1
(24 1)2
AP+ 1)
(t2 + 1)2
=4,
as required.
14. Given that
z—4 =0
=—
4 2+ /1’ ’
show that q .
Yy
< =—— >0
dz  Ayax’ v
where A is a constant to be found.
Solution
We use the quotient rule:
du
=r—4=—=1
U= = o
dv i
=2+ — =2
v VI = 1 /e

19



Now,

dy (@+vr)-1—(z—-4)-(F)
do (2 4+ /2)?
2+v2) = GV —5)
(2 ++/x)?
Ve )
2+ 4/x)?
4z 4+ x +4)
(2 + vx)?
(4 + 4y/x + x)
(2+x)?
2+ Vx)?

SN

—~

o
%H
8

[\o}
S»—l
8

[\]
‘*‘@%‘“

hence, A = 2.

15. (a) Use proof by exhaustion to show that for n € N, n < 4,
(n+1)*> 3"

Solution

n=1: LHS=(1+1)*=38,

RHS = 3! =3,
n=2: LHS=(2+1)*=27,
RHS = 32 =9,
n=3: LHS=(3+1)° =64,
RHS = 3% = 27,
n=4: LHS=(4+1)*=125,
RHS = 4% = 64.

So, we have proved by exhaustion the cases for 1 <n < 4.

20



(b) Given that
m?® + 5

is odd, use proof by contradiction to show, using algebra, that m is even.

Solution
Let m be odd, e.g.,
m=2n+1,peN.

Then

m*+5=2n+1)>*+5
= (8n* +12n" +6n+1) +5
= 8n® + 12n™ + 6n + 6
=2(n® 4+ 6n" + 3n + 3),

which is an even number. This is a contradiction: if m® + 5 is odd, then m is
even.
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