Dr Oliver Mathematics
The t-Substitutions

The t-substitutions are often referred to as “the world’s sneakiest substitutions” and you
need to recognise when they are needed.

1 t=tanx

We start off with a right-angled triangle, with opposite side ¢, adjacent side 1, with the angle
x:

t
x
1
We mark in the hypotenuse:
1+ 2 .
x
1
Now,
. t
sinx =
V1+1¢2
1
cosx =
v1+1¢2
tanx = t;

the expressions for cosec x, sec x, and cot x follow.

Finally, what about dx? Now,

t=tanxr = — =sec’zx
dx
dt
= — =1 +tan’x
dx
1
= dx = dt



We can summarise the formulas:

Expression Replacement

. t
sin
V1 + t2
1
CcoS T
V1412
tanx t
v1+1¢2
cosec T
t
sec x V1 + 2
1
cotx —
t
1
dz ——dt
1+ ¢2
Example 1
Find ~
N 1
J —— dz.
o 3cos?x +sin“x
Solution
1 1 1 1 1
- dz = J : dt
L 3cos?z + sin®x 0 3(1%2)"'(157&2) 1+
|
[
0 3+t
e ()],
= | —arctan | —
3 3/
1 /7
3 <6
w3
= Gi¢




2 t=tan (f)
2

This is also known as the Weierstrass substitution. We start off with a right-angled triangle,

x
with opposite side t, adjacent side 1, with the angle 5

7 t
2
1
We mark in the hypotenuse:
V1+ 2
t
T
2
1
Now,
LT t
sin —
2 V1412
T 1
cos — =
2 V1412
x
tan = = ¢
an 5

Next, we use the double-angle formulas:
sinx = sin 2 <§>
2

-2 () s ()

t 1
= X X

VI+E2 A1+ 12
2t
1+t



s
cosT = cos 2 <§)
oot (3) - (3
1 t2
T4 1+ ¢2
14
T 142
and
tanxzsmx
COS T
2 1+t
T2 112
T 12

the expressions for cosec z, sec x, and cot x follow.

Finally, what about dx? Now,

t = tan <E> = ﬁ = %sec2 <£>

2 dx 2
2 (z
_ dt _ l+tan (%)
dx 2
dt 14 ¢
= — =
dx 2
2
der = —— dt.
1+¢2

We can summarise the formulas:



Expression Replacement

) 2t
sin x
1+ t2
1—¢?
cos T e
2t
tanx
1 —1¢2
1+ ¢
cosec x
2t
1+¢2
secx
1 —1¢2
I'eaif
cotx
2t
2
d ——dt
o 1+ ¢2
Example 2
Find y
J - dz.
2sinz —cosx + 3
Solution

f 1 d [ 1 2 dt
T .
2sinx —cosx + 3 J 2(&;»-(1%2)—1—3 1+t

_ % dt
) 2(2t) — (1 —#2) + 3(1 +¢2)
i 2
———dt
J 42 4+ 4t + 2
i 2
—dt
J 2t+1)2+1
arctan(2t + 1) + ¢

= arctan [1 + 2tan (g)] + c.




3 Examples

Here are some examples for you to try.

1. (a) Using t = tan (g), find

cosec x dz.

Solution

1+t 2
Jcosecxdxzf + —dt
2t 1+1¢2

1
- [
t

=1Inlt| + ¢

= ln‘tan <§>‘ +c
- 5 )

(b) Using t = tanz, find

us

3
J cosec 2x dzx.

™

4

Solution

f cosec 2x dzx

(1
J sin2x
i 1
——dx
J 2sinzcosx
i 1 1
1 2
J2 e 1
(1 1
2 1+t2dt
Vo142
(1
—dt
J 2t
=it +c

= in|tanz| + ¢




and

s

J;

4

cosec2x dx =

F‘ )y

[In [tanz|]} ~

1
2

=1Inv3-In1)
1

2. Using t = tan (g), find

1

1 +sinz

dzx.

J

Solution

1

J

1 +sinz

dxzj

:J—dt

J (t+1)2 di

3. Using t = tan <§>’ find

J

1
dz.

1+sinx + cosx

Solution




1
fl +sinx + cosx

i 1 2
dv = 1 2t 12 1 +t2 dt

0 +1+t2+1+t2
[ 2

= dt
J 1+ +2t+(1-1¢2)
[ 2

= dt
J2+2t
[ 1

= | ——dt
J 1+t

=In[l+t+c

=ln‘1+tan<g>‘+c.

4. Using t = tan (g), find

J

1

sinx + tanx

Solution

1
- A%
Jsmx—ktanx

i 1 2
J 1J2rtt2 + 1E_tt2 1+
i 1 2
2(1—t2)+2t(1+12) | 4 42

dt

dt

Y TR a-o)
[ (1+)(1—¢t?) 2 it
J2t(1—)+2t(1+¢2) 1+1¢2
[2(1 —t?)
—=dt
J 4t




5. Using ¢t = tan <2> find

fsecx dzx.

Solution

Of course,

‘1+t

=In

(1 + t2 2
fsecxdx = | ——-
J

1—12 1+1¢2
[ 2
J1-—¢
[ 2
J A =)(1+u)

i 1 1

= + dt
<1—t 1+u>
—In|l —¢/+Infl+¢t+c
1+t

dt

dt

[

=In —’—Fc

1-—1¢
1+ tan (%)
1 — tan (%)

—— | +c=1In

1+t 1+t
02ii i
(1+1t)?
<1—t><1+t>‘
1+ 2t + 12
1—¢t2
1+ t2 2t
—e2 " 1_p

= In|secx + tan| + c.

=In

=In

=In +c

6. Using t = tan ( ) find

1
J—dx.
1+ secx




Solution

1 1 2
——dr = . dt
Jl—i—secx o J1+1+t2 1+ ¢2

1—t2

1 2 d
T et q + 12 ¢

1—¢2

_J 1—¢? 2 &t
) A=)+ (1) 142

o212 2
= . dt
J 2 14 ¢2
1—¢t2
= dt
J1+t2

:det

1+¢2

:J(lftfl) «

=2tan 't —t+c¢

= 2tan"" <tan (g)) — tan (g) +c

_o. Ty (x)+
= 2 an2 C

tan (2) +
=z —tan| < c.
2

7. (a) Given that
1 A Bt+C

(1+16)(1+1¢2) BTN PR
find the values of the constants A, B, and C.

Solution
1 _ A N Bt +C
(1T+t)(1+12) 1+t 1+¢2
_AQ+ )+ (Bt+O)(1 + 1)
(1+1t)(1+t?)
and
1=A(1+¢%) + (Bt +C)(1+1).

10



1 1
2t+§

= + .
(1+t)(1+¢?) 1+t 1412

—_
[
|
|

(b) Hence, using t = tan z, find

1
J—dx
1+ tanx

Solution

J;dx (L1

1+ tanz J 1+t 1+¢2

1
Jarnare &

1 1yl
_ [ (= 22 dt
J (1+tJr 1+t2>

1 —1+1
_1 1
_2f(1+t>dt+2j(1+t2>dt

1 2t 1
S U I 1 1
() w4 () o ()

=i+t - i1+ +Litan "t +c
=1In|l +tanz| — 1In|1 + tan® z| + 1 tan™" (tanz) + ¢

=1iln[l+tanz| — {In|l + tan’z| + 1z + c.

8. (a) Given that
2 A B

321013 3t—1 t—3
find the values of the constants A and B.

Solution

11



2 A N B
2—-10t+3 3t—1 t-3
:A(t—3)+B(3t—1)
(3t —1)(t —3)
and so
2=A(t—-3)+ B(3t—1).
Slo- sS4 A= 3
t=3:2=8B=B=1.
Hence,
> 1o
3t2—-10t+3 3t—1 t—3
(b) Hence, using ¢t = tan <§>, find
1
—d
J3—5sinx 7
Solution
1 i 1 2
——dx = : dt
J3—581nx J3-5(3) 1+
f‘ 2 d
= t
J 3(1+t%) —5(2t)
i 2
= | ———dt
J 3t2—10t + 3
[ 2
= | ——+—dt
J 3t2—10t + 3
4
2
= dt
J 3t =1)(t—=3)
r _3 1
= 1 1) dt
J <3t—1+t—3>
= —1In3t -1+ 1Inft =3[ +c¢
= —Z—llln’i%tan <§> - 1‘ +1ln ’tan <§> —3‘ + ¢,
or equivalent.
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9. Find

J

1

— dzx.
4+ 12cos?x o

Solution

We will go for t = tan x:

|[Festr=rt.
—dx
4+ 12cos? x

W
+

——dt
J A1 +12)+ 12
i 1

—dt
J 16 + 4¢2

1
1
Z f Zrpd
Ltan™'(t) + ¢

Ltan~'(L tanz) + c.

10. Find

1
f—dx
5+ 3cosx

Solution

13




We will go for t = tan (g)

1
—d
J5+3cosx .

1 2
2N\

Jses(EE) 1ee

2

J 5(1+#2) +3(1 —12)

2
dt
J 8+ 2¢2

")
J 22+ 2
Ltan™'(3t) + ¢

1 -1(1 T
Etan (5 tan <§)> + c.

dt

dt

dt

11. Find

J

5—3cosx

1
dzx.

Solution

We will go for t = tan (g)

J
—d
J5—3(;osx .

b 1 2
J5-3(EL) 1+
2

J5(1+2) = 3(1 -2

2
dt
J 2+ 82

1
—dt
1+ 4¢2

1
5 dt
J (3)* + 12

-2tan”(2t) + ¢

tan~! (2 tan (g)) + c.

dt

dt

e

N—= =

14




12. Find

1
f—dx.
2+ cosx

Solution

We will go for t = tan (g)

1 1 2
[T S E
24 cosx J2+ s 1+¢
{' 2
= dt
Joa+e)+ (1 -
2
S "
J 3+
1
=2 —=——dt
f(\/§)2+t2

= %g tan’l(‘/?gt) +c

_2v3..  —1(V3 X
—Ttan <Ttan<§>)—|—c.

13. Find, to 3 decimal places,
J‘ 1
o Dcos?x + 3cos?x

INE

Solution

15



We will go for ¢t = tan x:

f 1 d f 1 1
'I: .
5cos?x + 3sin’ x 5( 1 >2+3< ‘ )2 1+ t2

and

s
4

N

1
de = @t -1 \/gt
L Beos?a + 3costa l15 e 5 LAY 0

—0.1701680531 — 0 (FCD)
= 0.170 (3 dp).

14. (a) Given that
2 A B

+ ;
(5—t)(1+5t) 55—t 145t
find the values of the constants A and B.

Solution

2 A N B

(b-t)(1+5t) 55—t 1+5t
_A(+5t)+B(bB—t)
(5 —1)(1 + 5t)

and so

2= A(1+5t)+ B(5—1).
t=5 2=20A=A=-L.
_ 1 2_263 B_135
t=-—52=5b=0=q

16



Hence,

1 5
2 ZEAAS 13

(5—1)(5+t) 5—t 1+5t

(b) Find

J 1
- dz.
12sinx + 5cosx

Solution

1
J12sinx+5cosx

dx

" 1 2
J(Z)+5(s) 1+
" 2

24t + 5(1 — 12)

" 2

5 4 24t — 5¢2 &

dt

dt

r L 5
13 13 dt
<5—t J 1+5t>
[—In|5 —¢[+5In|l + 5¢] + ¢

T x
1—13 [—ln‘S—tan <§>‘ +5ln‘1+5tan <§>H + c.

(¢) Find, to 3 decimal places,

3.1 1
dx
L 12sinz + 5cosx

Solution

17




3.1 1
f , dz
3 12sinx + Scosw

T T
%3 [—1n)5—tan <§>‘ —I—5ln‘1 + 5tan <—>

3.1
2 ]w=3

L [(—3.763... +27.432...) — (—2.208... + 21.348 . ..

— 0.3483494221 (FCD)
— 0.348 (3 dp).
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