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A “ 1
6|a ´ a1|pβ ´ αq3

In this note, we will investigate a neat trick using only two parabolas and the resulting area:

A “ 1
6
|a ´ a1

|pβ ´ αq
3.

(This is a companion note to A “ 1
6
|a|pβ ´ αq3 so make sure you have read it first.)

1 Introduction

We will do an example.

Example 1
Two parabolas are drawn:

y “ x2
` x ´ 4 and y “ ´x2

` 2x ` 2,

as shown in Figure 1.
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α “ ´1.5

β “ 2

Figure 1: y “ x2
` x ´ 4 and y “ ´x2

` 2x ` 2
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They intersect at x “ ´1.5 and x “ 2.

Use calculus to find exact area of A.

Solution 1a
Now,

area under the curve “ area under the red curve ´ area under the blue curve

“

ż 2

´1.5

rp´x2
` 2x ` 2q ´ px2

` x ´ 4qs dx

“

ż 2

´1.5

p´2x2
` x ` 6q dx

“
“

´2
3
x3

` 1
2
x2

` 6x
‰2

x“´1.5

“ p´16
3

` 2 ` 12q ´ p9
4

` 9
8

´ 9q

“ 14 7
24
.

So far, so what?

Solution 1b
There is another method.

Compare
y “ ax2

` bx ` c with y “ x2
` x ´ 4

and
y “ a1x2

` b1x ` c1 with y “ ´x2
` 2x ` 2,

where the parabolas intersect at α and β, α ă β.

A “ 1
6
|a ´ a1

|pβ ´ αq
3.

Well, a “ 1, a1 “ ´1, α “ ´1.5, and β “ 2:

A “ 1
6
|1 ´ p´1q|r2 ´ p´1.5qs

3

“ 1
6
p2qp3.53q

“ 1
3
p427

8
q

“ 14 7
24
.

2 The Theory

Consider the parabola
y “ ax2

` bx ` c

2
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and
y “ a1x2

` b1x ` c1

which crosses the x-axis at x “ α and x “ β, where α ă β, and which has a shaded area of
A.

Now,

ax2
` bx ` c “ a1x2

` b1x ` c1
ñ ax2

` bx ` c ´ a1x2
´ b1x ´ c1

“ 0

ñ pa ´ a1
qx2

` pb ´ b1
qx ` pc ´ c1

q “ 0

ñ pa ´ a1
qpx ´ αqpx ´ βq “ 0

and

A “

ż β

α

|pa ´ a1
qpx ´ αqpx ´ βq| dx

“ |pa ´ a1
q|

ż β

α

|px ´ αqpx ´ βq| dx

“ |pa ´ a1
q| ˆ 1

6
pβ ´ αq

3

“ |1
6
|a ´ a1

|pβ ´ αq
3,

as required.

Hence,

A “ 1
6
|a ´ a1

|pβ ´ αq
3.
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