Dr Oliver Mathematics
Mathematics: Advanced Higher
2009 Paper
3 hours

The total number of marks available is 100.
You must write down all the stages in your working.

1. (a) Given
f(z) = (@ + 1)(z — 2),

obtain the values of = for which f'(x) = 0

Solution
We use the product rule:

u=x+1= P =1
v = ($—2)3:>3—Z = 3(x —2)?
Now,
f'x)=(x+1)-3(x—2)*+1-(z—2)°
= (z—=2)"[3(z + 1) + (z — 2)]
= (4o + 1)(z — 2)?
Finally,

f'(r)=0= (4o +1)(x —2)* =0

@mz—%or:ﬁ:z

(b) Calculate the gradient of the curve defined by

at the point (3,—1).

Solution




We use the product rule and implicit differentation:
d d
2 —1 . | _ 4
Y e =y=5= (a7 +1)=-(y—5)
_ _ody dy
o0 -yt 20 222 1= -2
=2ty +x ( Y dx) + 1z
b ody dy
opu-t + 1 — g24-22Y = Y
= 2xy  + oy a1z dr
_ dy o dy
oru-t 4+ 1 = ¥ 2, —29Y
= 2xy  + 1r + 7y 1z
dy
2oyt +1=-2(1+4 2%
= 2y D1+ a2y
dy 2xy~'+1
- — = 7.
der 14 2%y—2
Finally, at (3, —1),
dy 2-3-—1 g
de  1+32-(-1)2 =%

2. Given the matrix

L4 3t
~(19)

(a) find A™! in terms of ¢ when A is non-singular.

Solution
det A = 5(t +4) — 3(3t)
= (5t + 20) — 9¢
= 20 — 4t.
Finally,
_ 1 5 =3t
1 _
A= w ( ~3 t+4 )

Write down the value of ¢ such that A is singular.

Solution




(c¢) Given that the transpose of A is

(35),

find ¢.
Solution
t+4=6=1=
3. Given that
dy
2. y—J 1
Tee 1 ,

and y = 0 when x = 1, find y in terms of z.

Solution

x2ey% =1=edy =2 %dx
dx
= Jeydy = Jx_zdx
=e'=—a'+ec

Now, y = 0 when x = 1:
l=—14+c=c=2

and so
1 1
eV=—2 " +2=¢e"=——+2
x
2z — 1
=Y = *
T

4. Prove by induction that, for all positive integers n,

1 1
i
r(r+1) n+1

r=1



Solution

n=1: LHS = ﬁ = % and RHS =1 — 14%1 = % and so the solution is true for n = 1.

Suppose the solution is true for n = k, i.e.,

Z 1 _1_;
r(r+1) k+1

r=1

Then,

k

bl
¥
L

1 ] 1
1) ;r(r+1)+(k+1)(k+2)
1 1
:1_k:+1+(k+1)(k:+2)
1—(k+2)
(k+1)(k+2)
—(k+1)
(k+1)(k+2)

1
:1——

1

ﬁ
Il

—1+

—1+

and so the result is true for n = k£ + 1.

Hence, by mathematical induction, the expression is true for all n € Z™, as required.

5. Show that

Solution
Notice how the bottom line is the derivative of the top line:
1112 €T —X
e’ +e
f ————dz = [In(e” — e_w)]lw 3
1

3 et — o7 z:lnﬁ
2




as required

6. (a) Express

(1 + 2i)2
7—1

in the form a + ib where a and b are real numbers.

Z =

Solution

(14 2i)?

7—1i

1+ 40 + 4i®
7—1i

—3+4i

7—i

—3+@X7+1
7—i 7+1

—21 — 3i + 28i + 4i®

49 + 1
_ —25+25i
B 50

— 1, 1
= + 5l

z =

2

(b) Show z on an Argand diagram and evaluate |z| and arg(z).

Solution




Ima

@
t

(§

and

Re

7. Use the substitution £ = 2sin @ to obtain the exact value of

V2 22
f T g
0 \/4—1’2



Solution
Would it be better if we had

r=2sinf = 0 = sin* (§>7

(Just saying...) Now,

. dx
z =2sinf = 0= 2cosf

= dx = 2cos0do

and
r=0=0=0,
r=12=0= }Lw.
Finally,
V2 2 r‘lw ~ 2
f il o dz = ! (25in0) 2cos df
0o V4 —a? .Jo 4 — (2sin#)?

~ "411” 8sin? 6 cos 40
Jo Vi—dsin?6
‘. ”%L”8sin20(;os@d9

Jo V4 cos? 6

1
riT 8 si 2 0 0
¥ J 4 S1n COS a6

0 2cos @

= J 4 sin’ 6 d6

:>J 2.2sin26do
0

= QJ (1 — cos20)db
0

N

1
= 2 [9 — % sin 29];1:0

= 2{(ir—1) - (0-0)




8. (a) Write down the binomial expansion of (1 + x)°.

Solution

(1+z)°=1+ (?)m—i— (;):ﬁ + (g)x?’ - <i>x4 +2°

=1+ 5z + 1022 + 102% + 52* + 2°.

(b) Hence show that (0.9)% is 0.590 49.

Solution

(0.9)° = [1 + (=0.1)]°
=1+ 5(—0.1) + 10(—0.1)* + 10(—0.1)* + 5(—0.1)* + (—0.1)"
=1-0.5+0.1-0.01 +0.0005— 0.00001
= 0.59049,

as required.

9. Use integration by parts to obtain the exact value of

1
J ztan ' 22 dz.
0

Solution

u = tan"'2? = % = —2x
de 1+ (22)?
dv 9

1
— =g =0 =1z
dx 2




Finally,

223

4z3

1
1
z(%tan 1—0)—%[0 1+I4dx

1
= %7‘(‘ Y i [ln|1 +x4|]w:0
=t —1(In2—-0)
= %7‘(‘— }11112.

1 1
-1.2 1.2 -1 271
Jo rtan  z°dz = [535 tan™ " z ]x_o—fo —2(1+x4) dx

10. Use the Euclidean algorithm to obtain the greatest common divisor of 1326 and 14 654,

expressing it in the form
1326a + 146540,

where a and b are integers.

Solution
14654 = 1326 x 11 + 68
1326 =68 x 19+ 34
68 =34 x2+0
and

34 =1326 — 68 x 19
= 1326 — 19(14654 — 1326 x 11)
= 1326 — 14654 x 19 + 1326 x 209
= 1326 x 210 — 14654 x 19.

11. The curve
y = 220+

is defined for z > 0.

d
Obtain the values of y and d_y at the point where x = 1.
x

(4)



12.

Solution

ALY N
Now,
22241 _ 22241
y=x =Iny=Inzx
=Iny = (22> +1)Inz
1d 222 + 1
S - +4zlnx
y dx x
d 222 + 1
£ (szﬂ)(xm —1—4:1:111:1:),
and d
Y
=1l=—=3
x =

(a) The first two terms of a geometric sequence are a; = p and as
expressions for S, and S5, in terms of p, where

k
Sk = Z Qj.
j=1

:p.

2

Obtain

Solution
a=pandr=p:
Sn = Z a;
j=1
=p+p’+...p"
p— pn+1
and n+1
Sy — p—D
1—p
(b) Given that
Son = 655,

10

(2)



show that p" = 64.

Solution
S — 655, — L2 O p
1—-p 1—p
= p—p"t = 65(p —p")
= p(1 —p™) = 65p(1 — p")
= (1—p")(1 +p") =65(1 —p") (as p > 0)

=14+ p" =65

jpn = 647

as required.

value of n.

(c) Given also that ag = 2p and that p > 0, obtain the exact value of p and hence the

Solution

= §n =
=n=12
13. The function f(x) is defined by
z? + 2z
f(z) = PO , T # £1.

(a) Obtain equations for the asymptotes of the graph of f(z).

Solution

11



Horizontally:

and the asymptote is at y = 1.
Vertically: the denominator is zero:

2 —1=0=12=+1.

Show that f(z) is a strictly decreasing function.

Solution

We use the quotient rule:
2 —1)- (22 +2) — (2® + 2z) - (22)

f'(z) = ( CEE
_(22% 4+ 22% — 22 — 2) — (227 + 4a?)
) (22 —1)2

—22%2 — 22— 2
(2 =17
22+ + 1)
@ =1y
y *2[(1: + %)2 + %]
@ =1y

< 0,

and, hence, f(z) is a strictly decreasing function.

(i) the z-axis, and

12

(c¢) Find the coordinates of the points where the graph of f(x) crosses



Solution

y=0=24+2x=0
=z(r+2)=0

=xr=-2o0rx=0,

and hence the points are (—2,0) and (0, 0).

(ii) the horizontal asymptote.

Solution
2
+ 2
3:2 x:1$x2+2x:x2—1
x? —1
=2z =—1
=gz =1

27

and hence the point is (-1, 1).

(d) Sketch the graph of f(x), showing clearly all relevant features.

Solution

13



14.

(a) Express

22+ 6x —4
(x + 2)%(x — 4)

in partial fractions.

Solution

22+ 6x —4 _ A / B . C
(G122 -4 w42 (2427  2-4
Az +2)(x —4) + B(z — 4) + Ol + 2)°

A (r + 2)2(z — 4)

and so
2+ 6z —4=A(x+2)(x—4)+ B(x —4) + Oz + 2)°.
r=—-2: —12=—-6B= B = 2.
z=4: 36 =36C = C =1.
=0 -4=-84A—-4B+4C = -8A=0= A=0.
Hence,

2+ 6x—4 2 1

(r+2)2(x—4) (9(:—&—2)2—1_1:—4'

(b) Hence, or otherwise, obtain the first three non-zero terms in the Maclaurin expan-

sion of
22+ 6z —4
(x +2)%(x—4)
Solution
Let

f(x) =2z +2) %+ (z —4)!
£(0) = 1

f'(x) ='=d(z +2) = (z<4)2
f'(0) = —%
f(z) = 12(x +2) " +2(x — 4)7°
£(0) = 5

32°

14

(5)



15.

Hence, the first three non-zero terms in the Maclaurin expansion are

19 23,2
1 16x+64x + ...

(a) Solve the differential equation (6)

dy 4
1)-= — 3y = 1
(x + )da: y=(z+1)7

given that y = 16 when x = 1, expressing the answer in the form y = f(x).

Solution
dy 4
1)-= -3y = 1

(x + )dx 3y=(x+1)

dy 3 3

- Z = 1)°.

- dx+( x+1>y (z+1)

Now,

IF — oJ(-7)de
_ e—31n(:c+1)

-3
_ eln(:c+1)

=z £y

and so the the differential equation is

%—F(— ’ )y=(x+1)3

dz z+1
d
= (z+ 1)_3d_i 3@+t =1

= % ly(z+1)7?] =1

= yle+r)P=x4+c
y=(z+c)(x+1)>°

U

Next, y = 16 when x =1 so
16=(1+c)x2°=c=1

and so the solution is
y=(z+1)"

15



(b) Hence, find the area enclosed by the graphs of y = f(x), y = (1 — x)*, and the (4)
T-axis.

Solution
Where do the two graphs cross?

(z+D)'=Q-a)'=z+l=1-gora+1=—(1-2)

= 2 =0 or 0 = 2 (no solutions!).

Next, a picture:

0 >
Finally,
0 1
area = | (z+ 1)4dx+f (1—x)*da
-1 0
0 1
=[5+ V7], + =50 -2,
(-0 + (0!
= 2
3
16. (a) Use Gaussian elimination to solve the following system of equations: (5)

r+y—2=06
20 =3y + 22 =2
—bxr + 2y —4z = 1.

16



Solution
1 1 -11]6
2 -3 2|2
-5 2 —4]1
Do Ry — 2R and R3 + 5Ry:
1 1 —-1| 6
0 —5 4 |—-10
0 7 —-9] 31
Do Rs + LRy:
1 1 —-11] 6
0 -5 4 |—-10
17
0 0 —%| 17
Finally,
—%z=17:>z=—5
-5y —20=—-10=y = -2
rT—24+5=06=x=23;
hence,
r=3,y=—-2,2=->.

(b) Show that the line of intersection, L, of the planes x +y—z = 6 and 2z —3y+2z = 2

has parametric equations

T =\
y=4x—14
z = b\ — 20.

Solution

r+y—z=0:
A+ (AN —14)—(BA—=20)=6 V

20 -3y + 22 =2:

A —3(4X—14) +2(5A —20) =2 v

So, the line does have the parametric equations.

17



(c¢) Find the acute angle between line L and the plane —5z + 2y — 42 = 1.

Solution
Now, re-cast the parametric equations into a straight line:

r y+14  z+20

1 4 >

and the direction of L is i + 4j + bk. Next,

|(i+4j + 5k) - (=51 + 2j — 4k)|

W P VAP P
N Sin0:|—5+8_20|
VA2 /45
= sin9=1—7
VA2 V45
= 6 =23.01904932 (FCD)
= 0 =23.0°(1dp).

18



