Dr Oliver Mathematics
Further Mathematics
Conic Sections: Ellipses
Past Examination Questions

This booklet consists of 17 questions across a variety of examination topics.
The total number of marks available is 155.

1. The ellipse C has equation
22 P
L EAN L
25 9

(a) Find an equation of the normal to C' at the point P(5cos#, 3sin0).

Solution
z2 P 2¢ 2y dy
I SN T e
B0 T BTy
2y dy 2x
Loty Wie Wil & oy W
9 dz 25
dy 9z
= = = ——
dw 25y’

and, at the point P(5cosf, 3sin ),

@ _ 45 cos 0 B 3COS¢9'

dr  75sinf  5sinf’

hence, the gradient of the normal is

5sin 6
m = )
3cosd
Now,
) 5sinf
y—3sm9—3cose(x—5cos€)
= 3cosf(y —3sinf) = 5sinf(z — 5cosh)
= 3ycosf — 9sinfcos = bxrsinfh — 25sin 6 cos H
= brsinf — 3y cosf = 16sin 6 cosb.

The normal to C' at P meets the coordinate axes at () and R.
Given that ORS() is a rectangle, where O is the origin,



(b) show that, as # varies, the locus of S is an ellipse and find its equation in Cartesian
form.

Solution
z=0= —3ycosf = 16sinfcosf =y = —Lsind,

y=0=bxrsinf = 16sinfcost = x = %cos@,

and S(2 cosf, - sinf). So, it is of the (acosf,bsind), and it is an ellipse.

Finally,
2512 Oy
2 .2
0 =1 — =1
Cos™ ¢ + sin = 256 +256
2. The ellipse E has equation
22 2
? a3 ﬁ =1,

where a and b are positive constants and a > b.

(a) Find an equation of the normal to C' at the point P(acos#,bsin).

Solution
x2 P 20 2y dy
Z e T2 e
2y dy 2x
= — — = ——
b? dx a?
dy b
= — = ——,
dx a’y

and, at the point P(acosf,bsinf),
dy ab? cos 0 bcost

dzr  a2bsinf  asing’

hence, the gradient of the normal is

asin @
m = )
bcos b
Now,
. asin @
y —bsinf = (r — acos®)
b cos

bcosO(y — bsinf) = asin@(z — acos )

U

by cos — b*sinf cos @ = axsinf — a*sin 6 cos 6

U

axsin @ — by cosf = (a® — b*) sin @ cos 6.

U




The normal to C' at P meets the z-axis at (). R is the foot of the perpendicular from P
to the z-axis.

(b)

0
Show that 0Q = ¢?, where e is the eccentricity of C.

OR
Solution
Q:
2 b2 0
y=0= arsinf = (a®> — b*)sinfcosf = x = w.
a
R:
T = acosf.
Now,
OQ B (a2—bz)0059
OR  acosf
a2 _ b2
b2
= 627

as required.

3. The line with equation y = mx + ¢ is a tangent to the ellipse with equation

(a) Show that ¢* = a?m? + b°.

Solution

2 (mx + c)?
Yy=mxr+c= ) + e
= b’z + a*(mx + ¢)? = a®b?
= b%2% + a*(m*2® + 2emzx + &) = o’
= b’2? + a’m?2® + 2d’cma + a’c = a*b?

= (b + a®m?)z® + 2a’cmz + (a*c® — a®b?) = 0.

=1




Now, the tangent to the ellipse will have ‘6> — 4ac = 0:

(2a*em)? — 4(b* + a*m?)(a*c* — a®b?) = 0

4a*c*m? — 4(a*b*c® — a®b* + a*cPm? — a*v*m?) = 0
a*®m? — a*b*c? + a*b* — a*cPm? + a'b?
— b2 +b* + a**m?® = 0

— A+ +a’m? =0

2 =0+ a*m?.

m? =0

by el

(b) Hence, or otherwise, find the equations of the tangents from the point (3,4) to the (7)
ellipse with equation

Solution
We form equations

4 =3m+cand 16m? + 25 = ¢ :

c=4—-3m= 16m* + 25 = (4 — 3m)?
= 16m? + 25 = 16 — 24m + 9Im?
= Tm*>+24m +9 =0
= (Tm+3)(m+3)=0

=m=—-3o0orm= —%
and we finish with either
y=—3z+ 13
or
y=—3z+3%
4. The ellipse C' has parametric equations (5)

x=4cosl, y=+/Tsinh, 0 <0 < 2r.

Show that the foci of C' are at the points (3,0) and (—3,0).



Solution

2 2
2 .2 £ Y

cos"f+sin“f=1= —+ = =1;
. 16 7

/ b2 3
fr— 1 _—— = —
¢ a2 4

and the foci are at (3,0) and (—3,0).

a’> =16, b> = 7, and

5. An ellipse has equation

R
Y,
16 * 9
(a) Sketch the ellipse.
Solution
3 Y
—4 O 4
-3
(b) Find the eccentricity e.
Solution
a=4,b=3, and
b2 T
e=4/1—- = =20
@4
(c) State the coordinates of the foci of the ellipse.
Solution
x = ae; therefore, the foci are at (1/7,0) and (—+/7,0).

6. An ellipse, with equation



has foci S and S".
(a) Find the coordinates of the foci of the ellipse.

Solution
a=3,b=2 and

2 45
=412 =X2
a? 3

Hence, we have (—/5,0) and (+/5,0).

(b) Using the focus-directrix property of the ellipse, show that, for any point P on the

ellipse,
SP+ 5P =6.

Solution

SP+S'P=eNP+eN'P
—¢(NP+ N'P)

7. The point S, which lies on the positive z-axis, is a focus of the ellipse with equation

2

xr 2
P
1 Yy

Given that S is also the focus of a parabola P, with vertex at the origin, find

(a) a cartesian equation for P,

Solution
a=2,b=1, and

[ 2 43
e = - =
a? 2




and we have the focus at
y2=4(ae)x:y2=4x2x7xx

= y? = 4/3z.

(b) an equation for the directrix of P.

Solution

z= 3.

8. The ellipse D has equation

2 2
.T}_ + y_ =1
25 9
and the ellipse F has equation
22 2
—+==1
4 9

(a) Sketch D and E on the same diagram, showing the coordinates of the point where

each curve crosses the axes.

Solution
3 Yy
FE D
-5 -2 O 2 5
-3

The point S is a focus for D and the point T is a focus for E.
(b) Find the length of ST

Solution

S:
b 4

(3)



the foci are at (—4,0) and (4,0).
1"

‘a=3,b=2,e=171—— =

the foci are at (0, —/5) and (0,+/5).
Then

ST = 4/42 + (v/5)2 = A/2L.

9. The ellipse E has equation

s 1/
2 s ~h
1
where a > 24/2. The eccentricity of F is 7§

(a) Calculate the value of a.

Solution

8=a*(1—e?)=8=1d?
= a® =16

[\

= q =4.

The ellipse E cuts the y-axis at the points D and D’. The foci of E are S and S’.

(b) Calculate the area of the quadrilateral SDS'D’.

Solution
D and D' are (0,2v/2) and (0, —2v/2).
S and S’ are (24/2,0) and (— 2\/§ 0).

Now,

area of the quadrilateral SDS'D’ = 4 x area of OSD

=4x%x2\@x2\/§
:ﬁ.




10. The line z = 8 is a directrix of the ellipse E with equation
22 2
?+ﬁ=1,a>0,b>0,
and the point (2,0) is the corresponding focus.
Find the value of a and the value of b.

Solution
We have
ae =2and — =8
e
Solve:
a? =16 = a =4,
1
2 — —
e° = 7
and
b=+/a%(1—e2) = 23

11. The ellipse F has equation
z Y
St el
The line [; is a tangent to E at the point P(acos#,bsinf).
(a) Using calculus, show that an equation for [ is

rcos ysinf

a b
Solution
2 2
Y 20 2y dy
g __ Sy & 1 v = A A
2P st e
2y dy 2z
b? dx a?
dy b2z
der a2y’
and, at the point P(acosf,bsin@),
dy  ab’cos  bcosd
de  a?bsinf  asiné’




Now,

bcos 6

y —bsinf = _asin9(x —acosf)
= asinf(y —bsinf) = —bcosf(x — acosb)
= aysinf — absin®f = —bx cos § + abcos? 0
= brcosh+ aysinfh = absin® 6 + abcos®
= bxcosf + aysinf = ab

xcosf  ysind
= = 1.

a b
The circle C' has equation
z® + y2 = a’.

The line I, is a tangent to C' at the point ()(a cosf, asin ).

(b) Find an equation for the line ls.

Now,

Solution

U

U

U

d
x2+y2:a2$2x+2y—y:0

dx

dy x

= = = ——,

dx Y

and, at the point P(acosf,bsinf),

% B _cos@

dx sinf’

cos

Yy —asinf = — (x —acos?)

sin 6
sinf(y — asinf) = — cosf(x — acosh)
ysinf — asin?@ = —z cos + acos* 0

xcost +ysinf = a.

Given that [; and Iy meet at the point R,

(c) find, in terms of a, b, and @, the coordinates of R.

10



Solution
From part (a),

bx cost + aysinf = ab,

and, from part (b),

Subtract:

xcosf +ysinf = a = brcosf + bysinf = ab.

y(asinf —bsinf) =0=y =0
= xcosl =a
a

cos@’

hence, R(asec,0).

Find the locus of R, as 6 varies.

Solution

|z] = 1,y = 0.

12. The ellipse E has equation

where a > b > 0. The line [ is a normal to £ at the point P(acosf,bsinf), 0 <0 < 7.

(L’2 y2
?4‘?:1,

(a) Using calculus, show that an equation for [ is

axsin @ — by cosf = (a® — b?) sin d cos 6.

Solution

$2+y2_1:>2:c 2y dy
a? b2 a2 b2 dr
2ydy 2z
2 dr @

2

45 2p 7T

dx a’y

11

()



and, at the point P(acosf,bsinf),

dy ab®cosf  bcos

dz  a®bsinf  asinf’

hence, the gradient of the normal is

__asinf
= bcos”
Now,
b g_asin0( B 0)
y—bsing = ;——(z —acos
= bcosf(y —bsinf) = asinf(x — acosb)
= bycosf —b*sinfcosh = axsinh — a*sinf cos b
= axsinf —bycosd = (a> — b*)sinf cos .

The line [ meets the z-axis at A and the y-axis at B.

(b) Show that the are of the triangle OAB, where O is the origin, may be written as

ksin 260, giving the value of the constant k in terms of a and b.

Solution

r=0= —bycosh = (a® — b*)sinfcosf = y = —

b
and 2 g2 0
y=0= arsinf = (a®> — b*)sinfcosf = x = w.
a
Now,
1 (a®>—b*)cosf (a*—b*)sinf
area = — X X
2 a b
_ (a® —1*)*sinfcos b
4 2ab
(a® — b?)?sin? 0

4ab

(a® — b*) sin O

(¢) Find, in terms of a and b, the exact coordinates of the point P, for which the area

of the triangle OAB is a maximum.

12



Solution
For the biggest area, we need

N

sin20 =1 = 20 =

and the coordinates of the point P are (\}ia,

=0 =

L),

[\

T
4

13. The point P lies on the ellipse £ with equation

CCQ y2
Yy
%60

N is the foot of the perpendicular from the point P to the line x = 8. M is the midpoint

of PN.

for the line PN.

(a) Sketch the graph of the ellipse E, showing also the line 2 = 8 and a possible position

Solution

-3

=38

Find an equation of the locus of M as the point P moves around the ellipse

36

Solution
M (I ‘; 8,y> ~call this (X,Y). Now,
T+ 8
X = 5 =2X=2+8=1r=2X -8
and we have
(2X —8)? N Yy? _

1.

13

(1)



(c¢) Show that this locus is a circle and state its centre and radius.

Solution

X -8 Y | (X-4? ¥
- 7 [ — = - 7 -
36 9 9 9

= (X -4 +Y?=09;

=1

it is a circle, with centre (4,0) and radius 3.

14. The points P(3 cosa,2sin «) and Q(3 cos 3, 2sin ), where a # 3, lie on the ellipse with

equation
2
T Y
S AT
9 4
(a) Show the equation of the chord PQ is
ECOS (@+5) + ysin (@ +5) = COS (= B)
3 2 2
Solution
) 2sina — 2sin 8
gradient =
3cosa — 3cosf3
_ 2 cos (aw) sin =8 26)
—3sin (Q;“B) sin —(O‘;ﬁ)
_ 2cos (‘Hﬂ )
- ~ 3sin (a+ﬁ (a+h) *

14



Now,
y—QSinaz——QCOS@(x—Z%cosa)
3sin@
= 3sin<@;5)(y—2sina)=—200s OHQ_B)(JJ—BCOSQ)
= 3ysin(a;ﬁ)—68inasin(a—;ﬂ)
= —2x cos (a+F) + 6 cos o cos ;6)
N %amm;6)+%ﬁnm;ﬁ>
:6<Sinasm(a+ﬁ)+cosacos(a;r/8))
= 2xcos(a;5>+3ysin<o‘+5>:6cos(ag/3)
= gcos<a;ﬁ)+%sin@=cos@.

(b) Write down the coordinates of the mid-point of PQ.

the midpoint of y =

Solution
The midpoint of x = scosa ; 3cosf
3(cos a + cos f)
B 2
= 3cos (a ; 6) Cos (a ; 6)
and

_ 2sina + 2sin 3

Hence, the midpoint is

2

=sina + sin

(@+8)  (@-F)

= 2sin CcoS

2 2

(a+8) (a=5)
<3 cos 5 CoS 5

, 2sin cos

(a+8) (a=p)
2 2 >'

15



Given the that gradient, m, of the chord P() is a constant,

(c) show that the centre of the chord lies on a line y = —km, expressing k in terms of
m.
Solution
" _2COS—(Q;’8) N 2 _ _sin—(o‘;ﬂ)
3sin —(O‘;ﬁ) 3m cOS —(O‘;B)
2 sin @
.

4
=y=——
Y om
hence,

4
k=—.
9m

15. The ellipse E has equation

2+ 9% =09.

The point P(3cosf,2sinf) is a general point on the ellipse F.

(a) Write down the value of a and the value of b.

Solution
2

x2+9y2=9=>%+y2=1;

hence ¢ = 3 and b = 1.

The line L is a tangent to £ at the point P.
(b) Show that an equation of the line L is given by

3ysinf + xcosf = 3.

Solution

16

()



2
x 9 2x dy
— =1l=—+2y—=0
AL e LEEL
5 dy 2x
= < =
ydx 9
dy =
de 9y’

and, at the point P(3cos#,sinf),

% _ 3cos b _ cos

dr  9sinfd  3sinf’

Now,

cosf
3sinf
3sinf(y —sinf) = — cosf(xz — 3cosh)
3ysinf — 3sin®60 = —x cosf + 3cos? 6
3ysin® + x cosf = 3(sin? @ + cos® )
3ysinf + xcosf = 3.

y—sinf = — (x — 3cos )

R

The line L meets the z-axis at the point () and meets the y-axis at the point R.

(c¢) Show that the area of the triangle OQ R, where O is the origin, is given by k cosec 26,

where k is a constant to be found.

Solution

r=0= 3ysinf =3 = y = cosecf
and

y=0=xcosf =3 =z =3sech.
Now,

1
area = 3 x cosec x 3secl

3
2sin @ cosd
3
 sin%6
= 3cosec? f.

17

(3)



The point M is the midpoint of QR.

(d) Find a cartesian equation of the locus of M, giving your answer in the form y? =

f(x).
Solution
3
T = = cosf = —
2cosf 2x
and
y=——=-sinf = —.
2sind 2y
Now,
1\? 32
sin?6 + cos’f =1 = <—) + <—) =1
2y 2x
1 9
= — =1 - ——
42 422
I 422 — 9
4y?  4a?
412
4y? =
W T e
— 2 = z?
vy = 422 — 9

16. The ellipse £ has equation 22 + 41% = 4.
(a) (i) Find the coordinates of the foci, F} and Fy, of E.

Solution
The standard form of the ellipse is

ZE2

—+yi=1
1 Y
and hence a = 2, b = 1, and b2 = a2(1 — ¢2) gives ¢ = ¥

(v/3,0) and (—+/3,0). i

. So the foci are

(ii) Write down the equations of the directrices of E.

Solution

18

(4)



4

B

The equations are z = £% and so z = £=3=.

(b) Given that the point P lies of the ellipse, show that

\PF| +|PFy| = 4.

Solution
For any ellipse, |PFy|+ |PF,| = 2a and, since a = 2, we have |PFy| + |PF,| = 4,

as required. If, however, you do not feel that this gives enough detail for the four
marks that are available the you can proceed as follows. Let Ny and Ny be the
points on the corresponding directrix so that PN, and PN, are perpendicular
to the directrices. Then

\PE)| + |PFy| = ¢|PNy| + ¢|PN,|
e (|[PNy| + |PNs))
e|N1Ns| (since NyPNj, is a straight line)

L %g (the distance between the directrices is %g)

4

=

as required.

A chord of an ellipse is a line segment joining two points on the ellipse. The set of
midpoints of the parallel chords of E with gradient m, where m is a constant, lie on the
straight line /.

(c¢) Find an equation of .

Solution
Let A and B be the points where the chord with equation y = mx + ¢ cuts the
ellipse £. Then

22 + 4 (mzx + ¢)° =4=2"+4(m*2” + 2cmz + %) =4
= (4m* + 1)2° + 8cma + (4¢® — 4) = 0.
If x4 and xp are the z-coordinates of A and B respectively then

8cm

S T |

19



and hence x,;, the z-coordinate of the midpoint of the chord AB, is

4em

U PENET
So yur, the y-coordinate of the midpoint of the chord AB, is

4em? —4em? + c(4m? + 1) c
yM = - + C = = .
4m? + 1 4m? + 1 4m? + 1

So an equation of the line [ is

17. The ellipse E has equation
22 2
— +==1.
36 25

The line [ is the normal to £ at the point P(6cos@,5sinf), where 0 < 6 < 7.

(a) Use calculus to show that an equation of [ is

6z sin 6 — 5y cos € = 11sin 6 cosb.

Solution
2 P 2v 2y dy
E— —_— 1 — — — T
36 25 36 25dx
2y dy 2z
= 2 <2 =
25 dz 36
dy 2bx
P TR on )
dx 36y

and, at the point P(6cosf,5sinf),

dy _15OC089 B _5COSQ‘
dz  180sinf  6sinf’

hence, the gradient of the normal is

-/ 6sin 0
"~ 5cosf

20



The line [ meets the z-axis at the point (). The point R is the foot of the perpendicular

Now,

U

U

U

6sin ¢
5cosf
5cosf(y — 5sinf) = 6sinf(x — 6 cosf)

5y cos  — 25sin f cos @ = 62 sinf — 36 sin 6 cos
6z sinf — 5y cosf = 11sin 6 cosb.

Yy —5sinf = (x —6cosh)

from P to the z-axis.

(b)

O
Show that O—g = ¢?, where e is the eccentricity of the ellipse E.
Solution
Q:
y=0= 6xsinf = 11sinfcost = x = %cos@.
R:
x = 6cosb.
Now,
oQ % cos 6
OR  6cosd
1
36
(4 25
36

as required.
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