Dr Oliver Mathematics
Mathematics: Advanced Higher
2014 Paper
3 hours

The total number of marks available is 100.
You must write down all the stages in your working.

1. (a) Given
2 -1
f =
(z) 22 4+1’
obtain f'(x) and simplify your answer.
Solution
u=x2—1,vzx2+1=>%:j—j;=2x.
Now,
f(z) = z? -1 _ () = (22 + 1)(2x) — (22 — 1)(2x)
a2+l B (22 +1)2
22 + 2x) — (223 — 2z)
f/ — (
= (=) (@2 + 1)
4z
f'(z) = —.
= o) =y
(b) Differentiate
y = tan"*(32%).
Solution
dy 1
— tan !(322 AT 2PN
y =tan (3z°) = 1~ 17 @) 6
dy 6z
= = = —\
de 14922




2.

(a) Write down and simplify the general term in the expression

2 1 10
<; - E) |

Solution
10 Dgp" 1\
x 472 ’

General term = (
”

(b) Hence, or otherwise, obtain the term in —.
T

Solution
10 2\" 10 1
r T 4x2 r 410 7 -2(10—7)
( > (410 Txrl.Q 10—r)>
( ) <410 T‘IQO r>
and
20—r=13=r=".

Hence, the specific term is

10 27 128

7 410-7,20-7 | 120 6413
240

13

)

3.

for z in terms of \:
r+y+z=2

dr + 3y — Az =4

ox + 6y + 8z = 11.

(a) Use Gaussian elimination on the system of equations below to give an expression

(4)



Solution

2 129 13|72

4 3 =\ 4

5 6 8 |11
Do R2 + 4R1 and Rg — 5R12

11 1 2

01 A+4|4

0 1 3 1
Do R2 - R3:

11 1 2

01 N+44

00 A+1(3
Now,

3

A+ 1)z=3 = —
(A+1)z = z o1

=y+AN+4)z=4

3(A+4)
A+ 1
3(A+4)
=y=4-—
::y:40+1)—%A+®
A+ 1
A8
YT
par=8 .3
A+1 A+1
A5
TUvET
A—5
:>33—2—/\—+1
200 +1)—(A=5)
v A+1
CAFT
R

(b) For what values of A does this system have a solution?
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Solution
There is no solution for A = —1.

(c¢) Determine the solution to this system of equations when A = 2.

Solution
r=3y=-2,2=1

4. Given
z =In(1+#*) and y = In(1 + 2t%),

d
use parametric differentiation to find d_y in terms of ¢.

T
Solution
dx 2t
=In(l+#)= - =——
r=h+8) = -1 e
dy 41
=In(1+2*) = = = ——.
y = In(l+ ):>dt 1+ 2t2
Hence,
d
dy _
dx
dx e
4t
14242
= T3
1+¢2
21+t
1422

5. Three vectors (74, O—B>7 and OC are given by u, v and w where
u=>5i+13j,v=2i+j+ 3k, and w=1i+4j—k.

(a) Calculate
w.(v X w).



Solution

—_

3 0
u.(v x w) = 3

= N Ot

1
4 -1

= 5(=1—12) —13(=2—3) +0
— —65+ 65

I
o

(b) Interpret your result geometrically.

Solution

u is perpendicular to the vector v x w.

6. Given
eV = 23 cos’x, v > 0,
show that d
a
w_a + btanz,
dr =z

for some constants a and b and state the values of a and b.

Solution

eV = 3

cos 2z = In(e) = In(2® cos® z)
=y =In2z® +Incos’x
dy 32? (—2sinzcosx)
j — —
de 3 cos? x
dy 3 2sinz
: —_—

dr =z CcoS T

d
= & _ § — 2tanz;
de iz

hence, a = 3 and b = —2.

7. Given A is the matrix



prove by induction that

An:<2 a(2 —1))77121.

Solution

n=1:

and the result is true for n = 1.

Suppose that the result is true for n = k, i.e.,

A _ ( 20’f a(zkl— 1) ) |

Then

Ak:-‘rl _ AAk

-(5 1) (5 #7)

0

0

0

0

1

1

1

1

_(2-2" 20(2F 1) +a

_ E 2FFL q[2(2F — 1) + 1]>>
_ ( 2RFLq[(2F+ —2) + 1] >
_ ( 2RFL q[(2F1 — 1)) ) 7

and the result is true for n = k + 1.

Hence, by mathematical induction, the result is true for all n > 1.

8. Find the solution y = f(z) to the differential equation

d’y  dy
4S9 4%y
da? dz ty 4
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d
given that y = 4 and d—y = 3 when x = 0.
x

Solution

Complementary function:

and hence the complementary function is

1
y =e2”(A + Brx).

Now,
1 dy 1 1
y=e2"(A+ Bz) = T 5€2°(A + Bzx) + Be2”.
x
Next,
r=0y=4=4=A
and
dy 1
= B =1.
Hence, the particular solution is
1
y=e2"(4+x).

4m* —4m+1=0= (2m —1)> = 0 = m =  (repeated)

9. (a) Give the first three non-zero terms of the Maclaurin series for cos 3z.

Solution
Well,

cosle—%ﬁ—i—%x‘l—i—...
and so

o
4

cos3z =1— 2(3z)” + L(3z)* + ...
=1-322+ 2z + ...

(b) Write down the first four terms of the Maclaurin series for e**.



Solution

Well,
e =1+a+ g52°+ 52° + ...

and so

e* =1+ (2z) + 1(2:6)2 3i(2x)3+
=142z +22° + :v v

(c) Hence, or otherwise, determine the Maclaurin series for e2* cos 3z up to, and includ-

ing, the term in 2.

Solution
X 1 —%xz
1 1 —%xz
+2z +2x  —9z3
+222 | 4222
4.3 4.3
+§£U +§l'
Hence
e*cosdr = (1—22° + Za* + . ) (1 + 20+ 22° + §2° + ...
_1+2x—g2 2 o 155,

10. A semi-circle with centre (1,0) and radius 2, lies on the z-axis as shown.

Find the volume of the solid of revolution formed when the shaded region is rotated
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completely about the z-axis.

Solution

The equation of the (whole) circle is
(z—1)2+y*=4

and

11. The function f(z) is defined for all z > 0.

The graph of y = f(z) intersects the y-axis at (0, ¢), where 0 < ¢ < 5.

The graph of the function and its asymptote, y = x — 5, are shown below.

H“

(a) Sketch the graph of y = f~'(z).
Clearly show any points of intersection and any asymptotes.



Solution

It has symmetry, the correct shape and behaviour approaching when it is ap-
proaching the asymptote, 5 marked on y-axis at asymptote, and 0 < ¢ < 5 on
T-axis

(b) What is the equation of the asymptote of the graph of y = f(x + 2)7 (1)

Solution

y=x—3.

(c) Why does your diagram show that the equation = f(f(z)) has at least one solution? (1)

Solution
Well,

has at least one solution.

12. Use the substitution x = tan 6 to determine the exact value of (6)

1
1
\I\ —de.
0 (1+22)2
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Solution

dz 9
x—tan@:@—sec 0

= dz = sec’#db

and
r=0=60=0,
:le:@:;llw.
Now,
! 111” sec? 0
J S :J LY
(1 +22)2 0 (1+tan%6)2
1
_JZ” se029
0 (sec29
1
_JZ”sec (9
)y sec3d

lﬂ'

1
L sec&
J cosf df

=[s n9]9=0
-0

Bl

—

ok el 2

13. The fuel efficiency, F'(x), in km per litre, of a vehicle varies with its speed, s km per

hour, and for a particular vehicle the relationship is thought to be
F(z) =15 + e®(sinz — cosx — \/2),

where

(s — 40)
80

for speeds in the range 40 < s < 120 km per hour.

€Tr =

11

(10)



What is the greatest and least efficiency over the range and at what speeds do they
occur?

Solution
F(z) = 15 4 e(sinz — cosz — V/2)
= F'(z) = "(sinz — cosz — v/2) + e"(cos z + sin z)
= F'(z) = e"[(sinz — cosz — V/2) + (cosz + sin )]
= F'(z) = e®(2sinz — V/2)
and
F'(z) = 0= e*(2sinz —/2) =0
= sinx = ‘/75
=z = im, 3.
Now,
F(im) =11.89823361 (FCD)
and
F(3m) = 15 (exactly!).
Next,
s=40=2=0
— F(0) =14 —+/2
and
s=120=z=n7
= P(r) = 5.414811 269 (FCD).
Now,
— 40
p=ir = iy = 120
s s—40
= 1 =
80
= 60 =5 —40
= s = 100.
Hence, the least efficiency 5.41 km/litre (3 sf) at 120 km/h and the greatest efficiency
15 km/litre at 100 km /h.
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14. (a) (i) Given the series
L+r+r24+r4+.. .,

write down the sum to infinity when |r| < 1.

Solution
L+r+ri+r’+... =

(ii) Hence obtain an infinite geometric series for

1
2—3r
Solution
1 1
>3 gt
=21+ CGr)+ Cr)*+ (3r)’ +
=i[1+3r+27+ 2% 1+ ]
1 ,3,.,92, 213
:§+Z’f’+§’f’ —|—E’I“ +

(iii) For what values of r is this series valid?

Solution
|%r| <l=]r| < %

(b) (i) Express

1
3r2 —5r + 2
in partial fractions.
Solution
add to: -5 _3 9
multiply to: (4+3) x (+2) = +6 ’

32 —5r+2=3r*—3r—2r+2
=3r(r—1)—2(r—1)
=3r—2)(r—1).
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Now,

1 70 1
3r2—5r+2  (3r—2)(r—1)
A B
:3r—2+7’—1
A(r—1)+ B(3r —2)
(3r—2)(r—1)

for some A and B and hence

1= A(r — 1) + B(3r — 2).

r=1.1=B.
2 1
Hence,
1 3 1
+

312 —5r+2  3r—2 -1

(ii) Hence, or otherwise, determine the first three terms of an infinite series for

(i)

1
3r2 —5r +2°
Solution
1 3 1
= — -
3r2 —5r +2 Ir—2 r—1
3 1
2—3r 1—r

=3(G+3r+37+..)—(Q+r+ri+..)
=EC+9r+Zr+. ) —Q+r+r*+..)

_ 15, 19,2
=1+5r4+ 124

For what values of r does the series converge?

Solution

Well,
Irl <1land|r] <2

14
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15.

which means |r| < 2.

(a) Use integration by parts to obtain an expression for

fex cosz dx.

Solution

. du
u=e"=—=e

dx

T

d_v
dx

=CosT = v = Ssinz.

Now,

Jexcosxda: =¢e"sinx — fexsinxdﬁ

., du
u=e"=—=e

dx

=S8INT = vV = —COoSX

xT

dv
dz
=e’sinx — (—e"cosx + Jexcosxdx)
=e“sinx + e cosx — Jexcosxdaz.
Next,
Jexcosxdx =e"sinx + e*cosx — Jexcoswdx
= ZJexcosxdx =e"sinx + e" cosx

= Je‘” coszdr = 1e"(sinz + cos ) + .

15



(b) Similarly, given

I Jex cosnz dx, where n # 0,

obtain an expression for I,,.

Solution
du
u=e" = — =¢"
dx
dU 1 .
— =cosnr = v = —sinn.
dx
Now,

fexcosxdx = %e”"sinnx— %Jemsinnxdx

u=e" = —=ce
dx
dv { 1
— =sinnr = v = —_cosnr
dx
1 x - 1 1 x 1 x
= =esinnx — = [ —=¢ cosnx—i——fe cosnz dx
n n n n

= %e”‘“ sinnz + #ex CcoOSNT — # Jex cosnx dx.
Next,
Jez cosnxdr = %e‘” sinnx + #em COSNT — # fex cosnx dx
= (1+3%) Jew cosnzdz = 2e” sinnx + e’ cos nx
2

2 .
ntl fex cosne dz = —5e”(nsinne + cosnx)

= Jer cosnzdz = —~e*(nsinnz + cosnzx) + c.

(c) Hence evaluate

N[

™
f e’ cos 8z dz.
0

16



Solution
In the case, n = 8&:

™

N |—=

1

lﬂ'
L e’ cos8xdr = & [e"(8sin8x + cos8x)]7_,

_ 1 Ke%”(o + 1)) —(0+ 1)]
)

16. (a) Express —1 as a complex number in polar form and hence determine the solutions

to the equation z* +1 = 0.

Solution

Now,

=1

3
Il
<

S
Il
—

3
I
)

S
Il
b

Z = COoS 27r+isin—7r = COS 27 — 1SIn 27.

2 = COS %W—Fisin—ﬂ = COS 7 — 1SIn 7.

—1 = 1(cosm + isinm).

= 2 = cosm +isin7
= z* = cos(m + 2n7) + isin(7 + 2n7)

In+1 C . (2041
:>Z:COS%7T+ISIH%7T.

2 = cos %jr +isin }lﬂ'.

Z = COS %7? + 1sin %71’.

5 3 3

4 4 4

7 1 1

4 4 4

(b) Write down the four solutions to the equation z* — 1 = 0.
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(d)

(e)

Solution
1, —1,1i, and —i.

Plot the solutions of both equations on an Argand diagram.

Solution

Im

DO

Show that the solutions of z* + 1 = 0 and the solutions of z* — 1 = 0 are also
solutions of the equation z® — 1 = 0.

Solution

PB-1=0=2-2"+2'-1=0
=2 -1+ -1)=0
= (' +1)(z" = 1) = 0;

hence, the solutions to z* + 1 = 0 and 2* — 1 = 0 are also the solutions to
8
z2°—=1=0.

Hence identify all the solutions to the equation

A4 241=0.

18
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Solution
A2 +1=0=2242+1)+22+1=0
= P+ 1)(2*+1) =0

hence, the solutions are

1
4

T, COS %W + isin 37.

. 1 . .
+i, cos g £ isin 1
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