Dr Oliver Mathematics
One or More Successive Impacts

In this note, we will look at one or more successive impacts.

1 One or More Successive Impacts: Right-Angles

1

A small ball is projected along the floor towards with speed  ms™ on a path that makes

an angle o with W;. The ball hits the wall and then hits W5.

Immediately after hitting W, the ball is moving at y ms™! and at an angle 3 to W}.
Immediately after hitting W5, the ball is moving at z ms™! and at an angle v to W.
The coefficient of restitution between the ball and W; is e4.

The coefficient of restitution between the ball and W5 is eg.

Wa

Wi

What is the speed and direction after the second bounce?

We fill in the table, first column ...



A ‘ Before After H B ‘ Before After

Horizontally
Vertically

X COS (v Horizontally
xsin Vertically

Table 1: completing the first column

...and we fill in the table, second column.

A ‘ Before After H B ‘ Before After
Horizontally | zcosa  xcosa | Horizontally
Vertically | zsina egxsina | Vertically

Table 2: completing the second column

Turn the page a quarter-turn clockwise, so that BW; is horizontal, i.e.,

Then, we fill table, third column:

A ‘ Before  After H B ‘ Before After
Horizontally | zcosa  zcosa | Horizontally | zcos(90 — f3)
Vertically | xsina  egzsina | Vertically | xsin(90 — ()

But that’s just
xcos(90 — B) = eqxsin«

and
zsin(90 — B) = zcosa

because we interchanged the two rows:



A ‘Before After H B ‘ Before  After

eAx sin o
T COS

Horizontally
Vertically

Horizontally | zcosa  xcosa
Vertically | xsina esxsina

Table 3: completing the third column

And finally, we fill in the fourth column:

A ‘ Before After H B ‘ Before After
Horizontally | xcosa  xcosa Horizontally | eqzsina  eqx sina
Vertically | xsina esxsina Vertically TCOSQ  EeRTCcos

Table 4: completing the fourth column

Hence,
speed after 1st bounce = 1/(e4z sin a)? + (z cos )2
= |24/ (easina)? + (cos a)?
direction after 1st bounce = tan™* (eA Sm&)
COoS (v
=|tan"' (e4 tan )
kinetic energy after 1st bounce = | ma® [(e4 sin@)® + (cos a)?] ‘
and

speed after 2nd bounce = 1/(esz sina)? + (epx cos a)?

= |z4/(easina)? + (ep cos a)?

e sin o
_ (532]
=tan"' [ == cot v
€A

Ima® [(easina)® + (ep cos@)?].

ep Ccos o
direction after 2nd bounce = tan ™" <_B )

kinetic energy after 2nd bounce




What happens if e4 = ep, i.e., the coefficient of restitution are the same? Well,

ep cos a
tan~! ( 2 ) = tan"! (cot @)

e, sin o
= tan"* (tan(90 — a))
=90 — q,

and, hence, the path is parallel to the original path but it goes in the opposite direction.

2 One or More Successive Impacts: Non-Right Angles

But what if the walls are not at right-angles? Well, it all hangs on the result of 5 + §.

Case: 8+ 6 =90°:

Wi

The ball into B; and then makes the opposite direction: the speed in reverse is less than
than y ms™ and we get a smaller angle (unless e = 1!).

Case: 5+ 6 > 90°:




Wi

We get a third bounce that takes it away from C'Ws.

Case: 5+ 60 < 90°:

Wi

We get a third bounce that takes it to W;C.

3 Problems

Here are some problems for you to try.

1. A smooth sphere, S, is moving on a smooth horizontal plane with speed v ms~! when

it collides with a smooth fixed horizontal plane. At the instant of collision, the direction
of motion of S makes an angle of tan™! % with the wall. The coefficient of restitution

between S and the wall is %, as shown below.



Find the speed of S immediately after the collision.

. A smooth sphere, S, is moving on a smooth horizontal plane with speed © ms~! when
it collides with a smooth fixed horizontal plane. At the instant of collision, the direction
of motion of S makes an angle of 30° with the wall. Immediately after the collision, the

speed of of S is %u ms~!, as shown below.

30°

Find the coefficient of restitution between S and the wall.

. A smooth sphere, S, is moving on a smooth horizontal plane with speed u ms~! when

it collides with a smooth fixed horizontal plane. At the instant of collision, the direction

of motion of S makes an angle of tan™! % with the wall. The coefficient of restitution

between S and the wall is %, as shown below.

Find the speed of S immediately after the collision.



4. A smooth sphere, S, is moving on a smooth horizontal plane with speed v ms™! when
it collides with a smooth fixed horizontal plane. At the instant of collision, the direction

of motion of S makes an angle of tan
-1

7 % with the wall. Immediately after the collision,

the speed of of S is %u ms~ ", as shown below.

Find the coefficient of restitution between S and the wall.

5. A small smooth ball is falling vertically. The ball strikes a smooth plane, which is inclined
at an angle 30° to the horizontal. Immediately before striking the plane, the ball has a

speed of 8 ms™!. The coefficient of restitution between the ball and the plane is %, as

shown below.
8 m slT

Find the exact value of the speed of the ball immediately after the impact.

6. A small smooth ball is falling vertically. The ball strikes a smooth plane, which is inclined
at an angle 20° to the horizontal. Immediately before striking the plane, the ball has a
speed of 10 ms™!. The coefficient of restitution between the ball and the plane is %, as

shown below.
10 m s_lI

20°




Find the speed, to 3 significant figures, of the ball immediately after the impact.

. A small smooth ball of mass 750 g is falling vertically. The ball strikes a smooth plane,
which is inclined at an angle 45° to the horizontal. Immediately before striking the

plane, the ball has a speed of 5v/2 ms~!. The coefficient of restitution between the ball

and the plane is %, as shown below.

54/2 mslI

Find
(a) the speed, to 3 significant figures, of the ball immediately after the impact,
(b) the magnitude of the impulse received by the ball as it strikes the plane.

. A small smooth ball is falling vertically. The ball strikes a smooth plane, which is inclined
at an angle a° to the horizontal, where tan™!' o = %. Immediately before striking the
plane, the ball has a speed of 7.5 ms™!. Immediately after striking the plane, the ball
has a speed of 5 ms™!. The coefficient of restitution between the ball and the plane is

%, as shown below.

Find the coefficient of restitution, to 2 significant figures, between the ball and the plane.

. A small smooth ball of mass 800 g is moving in the (z,y)-plane and collides with a
smooth fixed vertical wall which contains the y-axis. The velocity of the ball just before

impact is (5i — 3j) ms™!. The coefficient of restitution between the sphere of the wall is
1

2, as shown below.



Find
(a) the velocity of the ball immediately after the impact,

(b) the kinetic energy lost as a result of the impact.

10. A small smooth ball of mass 1 kg is moving in the (x, y)-plane and collides with a smooth
fixed vertical wall which contains the z-axis. The velocity of the ball just before impact
is (3i + 6j) ms~!. The coefficient of restitution between the sphere of the wall is %, as

3 )
shown below.

Find
(a) the speed of the ball immediately after the impact,

(b) the kinetic energy lost as a result of the impact.

11. A small smooth ball of mass 2 kg is moving in the (x, y)-plane and collides with a smooth
fixed vertical wall which contains the line y = x. The velocity of the ball just before



12.

13.

14.

15.

impact is (4i + 2j) ms~!. The coefficient of restitution between the sphere of the wall is

%, as shown below.

(4i + 2j) ms~

Find

(a) the velocity of the ball immediately after the impact,

(b) the kinetic energy lost as a result of the impact.

A smooth snooker ball strikes a smooth cushion with a speed of 8 ms™! at an angle of
45° to the cushion. Given that the coefficient of restitution between the sphere of the
wall is %, find the direction and magnitude of the velocity of the ball after the impact.

A smooth snooker ball strikes a smooth cushion with a speed of © ms™! at an angle of
50° to the cushion. The coefficient of restitution between the sphere of the wall is e.

(a) Show that the angle between the cushion and the rebound direction is independent
of u.

(b) Find the value of e given that the ball rebounds at right angles to its original
direction.
A smooth snooker ball strikes a smooth cushion at an angle of tan™! %to the cushion.
The ball rebounds at an angle of tan™! 15—2t0 the cushion. Find
(a) the fraction of the kinetic energy of the ball lost in the collision,
(b) the coefficient of restitution between the ball and the wall.

1

A small smooth sphere of mass m kg is moving velocity (5i — 2j) ms~" when it hits a

smooth wall. It rebounds from the wall with (2i + 2j) ms™'. Find

10



16.

17.

18.

(a) the magnitude and direction of the impulse received by the sphere,

(b) the coefficient of restitution between the sphere and the wall.
A small smooth sphere of mass 2 kg is moving velocity (2i + 3j) ms~! when it hits a
smooth wall. It rebounds from the wall with (3i — j) ms™!. Find

(a) the magnitude and direction of the impulse received by the sphere,

(b) the coefficient of restitution between the sphere and the wall,

(c) the kinetic energy lost by the sphere in the collision.
Two smooth vertical wall stand on a smooth horizontal floor and intersect an at angle
of 30°. A particle is projected along the floor with a speed of u ms™! at 45° to one the

walls and towards the intersections of the walls. The coefficient of restitution between
the particle and the each wall is \/Lg, as shown below.

Find the speed of the particle after one impact with each wall.

A smooth sphere, S, is moving on a smooth horizontal plane with speed u ms~! when

it collides with a smooth fixed vertical wall. At the instant of collision, the direction of
motion of S makes an angle of 45° with the wall. Immediately after the collision, the
speed of S %u ms~! as shown below.

11



19.

20.

Find the coefficient of restitution between S and the wall.

A small smooth ball of mass % kg is falling vertically. The ball strikes a smooth plane,
which is inclined at an angle « to the horizontal, where tan a = % Immediately before

striking the plane, the ball has a speed of 5.2 ms~!. The coefficient of restitution between

the ball and the plane is i, as shown below.

Find

(a) the speed, to 3 significant figures, of the ball immediately after the impact,

(b) the magnitude of the impact received by the ball as it strikes the plane.

A small smooth ball of mass 500 g is moving in the (x,y)-plane and collides with a
smooth fixed vertical wall which contains the line x + y = 3. The velocity of the ball

just before impact is (—4i — 2j) ms~!. The coefficient of restitution between the sphere
of the wall is .Find

(a) the velocity of the ball immediately after the impact,

12



21.

22.

23.

24.

(b) the kinetic energy lost as a result of the impact.

1

A small smooth sphere of mass m kg is moving velocity (6i + 3j) ms™" when it hits a

smooth wall. It rebounds from the wall with (2i — 2j) ms™'. Find
(a) the magnitude and direction of the impulse received by the sphere,

(b) the coefficient of restitution between the sphere and the wall.

A smooth ball is moving on a smooth horizontal plane when it collides with a smooth
fixed vertical wall. The coefficient of restitution between the ball and the wall is e.
Immediately before the collision, the direction of motion of the ball makes an angle of
60° with the wall. Immediately after the collision, the direction of motion of the ball
makes an angle of 30° with the wall.

(a) Find the fraction of the kinetic energy of the ball which is lost in the impact.
(b) Find the value of e.

A smooth uniform sphere P of mass m kg is falling vertically and strikes a fixed smooth
inclined plane with speed 5.2 ms™!. The plane is inclined at an angle of §°, < 45, to the
horizontal. The coefficient of restitution between the ball and the wall is e. Immediately
after P strikes the plane, P moves horizontally.

(a) Show that

e = tan®6.
(b) Show that the magnitude of the impulse exerted by P on the plane is

mau sec .

Two smooth vertical walls stand on a smooth horizontal surface and intersect at right
angles. A smooth sphere of mass 0.8 kg is moving across the surface such that it collides
with the first wall at a speed of % ms~! at an angle of 45°. The coefficient of restitution
between the ball and both walls is e. After the first collision, the sphere is moving with
speed % ms~!, as shown in the figure below.

Find

13



25.

26.

27.

(a) the direction in which the sphere is moving after the first impact,

(b) the value of e.

The sphere then moves on to collide with the second wall.

(c) Calculate the kinetic energy of the sphere after the second collision.

Two smooth vertical walls stand on a smooth horizontal surface and intersect at an angle
of 80°. A smooth sphere of mass 0.3 kg is moving across the surface such that it collides
with the first wall at a speed of 2 ms™! at an angle of 30° and towards the intersection
of both walls. The sphere then collides with both walls. The coefficient of restitution
between the ball and both walls is 0.6.

Work out the total kinetic energy lost during the two collisions.

Two smooth vertical walls, W; and W5, stand on a smooth horizontal surface and inter-
sect at right angles. A small smooth sphere is moving with speed 4 ms~! when it hits
W, at an angle of 60°. It rebounds from the wall with speed 3 ms~tand goes on to hit
Wa.

W,

(a) The coefficient of restitution between the sphere and W;.

Assuming that the coefficient of restitution between the sphere and W5 is 0.35,

(b) work out the speed of the sphere and direction in which it is moving after it collides

Two smooth vertical walls, W; and W5, stand on a smooth horizontal surface and inter-
sect at an angle of 110°. A small smooth sphere of mass 1.6 kg is projected across the
surface with speed 1.5 ms~! at an angle of 30° to wall W; and towards the intersection
of the walls. The coefficient of restitution between the sphere and wall W is 0.8.

14



28.

W,

(a) Work out the speed and direction of motion of the sphere after the first collision.
The sphere then moves on to collide with Ws. Given that after the second collision, the
sphere has kinetic energy 1.35 J,

(b) work out the coefficient of restitution between the sphere and wall Ws.

Two smooth vertical walls, W; and W5, stand on a smooth horizontal surface and inter-
sect at an angle of 100°. A small smooth sphere of mass 1.7 kg is projected across the
surface with speed 8 ms™! at an angle of 25° to wall W, and towards the intersection

of the walls. The coefficient of restitution between the sphere and walls W; and W, are
0.6 and 0.7 respectively.

Calculate the total kinetic energy lost by the sphere.

15

(6)



