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General Leibniz Rule

1 General Leibniz Rule

1.1 The Rule

If fpxq and gpxq are n-times differentiable functions, then the product pf gqpnqpxq n-times
differentiable and the nth derivative is given by

pf gqpnqpxq “
n
ÿ

k“0

ˆ

n

k

˙

fpn´kqpxq gpkqpxq

1.2 n “ 1

pf gq1pxq “
1
ÿ

k“0

ˆ

n

k

˙

fpn´kqpxq gpkqpxq

“ f 1pxq gpxq ` fpxq g1pxq.

1.3 n “ 2

pf gq2pxq “
d

dx
rf 1pxq gpxq ` fpxq g1pxqs

“
d

dx
rf 1pxq gpxqs `

d

dx
rfpxq g1pxqs

“ rf2pxq gpxq ` f 1pxq g1pxqs ` rf 1pxq g1pxq ` fpxq g2pxqs

“ f2pxq gpxq ` 2 f 1pxq g1pxq ` fpxq g2pxq.

1.4 n “ 3

pf gq3pxq “ f3pxq gpxq ` 3 f2pxq g1pxq ` 3 f 1pxq g2pxq ` fpxq g3pxq.
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1.5 n “ 4

pf gqp4qpxq “ fp4qpxq gpxq ` 4 f3pxq g1pxq ` 6 f2pxq g2pxq ` 4 f 1pxq g3pxq ` fpxq gp4qpxq.

We may prove this by induction — but we are not going to. Instead, let’s look at a few
examples.

2 Examples

1. Find the second derivative of x3 lnx.

Solution

It helps to draw a table.

Original x3 lnx

1st derivative 3x2 1

x

2nd derivative 6x ´
1

x2

We will work down one column (x3) and work up the other (lnx).

px3 lnxq2 “ px3
q

ˆ

´
1

x2

˙

` 2p3x2
q

ˆ

1

x

˙

` p6xqplnxq

“ ´x` 6x` 6x lnx

“ 5x` 6x lnx

“ xp5` 6 lnxq.

2. Find the third derivative of x4 sin 2x.

Solution

Original x4 sin 2x

1st derivative 4x3 2 cos 2x
2nd derivative 12x2 ´4 sin 2x
3rd derivative 24x ´8 cos 2x

2
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We will work down one column (x4) and work up the other (sin 2x).

px4 sin 2xq3 “ px4
qp´8 cos 2xq ` 3p4x3

qp´4 sin 2xq

` 3p12x2
qp2 cos 2xq ` p24xqpsin 2xq

“ ´8x4 cos 2x´ 48x3 sin 2x` 72x2 cos 2x` 24x sin 2x.

3. Find the fourth derivative of 3x2e2x.

Solution

Original 3x2 e2x

1st derivative 6x 2e2x

2nd derivative 6 4e2x

3rd derivative 0 8e2x

4th derivative 0 16e2x

We will, as always, work down one column (3x2) and work up the other (e2x).

p3x2e2xqp4q “ p3x2
qp16e2xq ` 4p6xqp8e2xq ` 6p6qp4e2xq ` 4p0qp2e2xq ` p0qpe2xq

“ 48x2e2x ` 192xe2x ` 144e2x

“ p48x2
` 192x` 144qe2x.
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